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SUMMARY 
This report describes the derivation of the equations of motion 
for a multi-blade rotor. The  resent analysis advances on 
current capabilities for calculating rotor responses by intro- 
ducing a high twist capability and coupled flatwise-edgewise 
assumed normal modes instead of uncoupled flatwise and edgewise 
assumed normal modes. The torsion mode is uncoupled as before. 
Features inherited from previous work include the support system 
models, consisting of complete helicopters in free flight, or 
grounded flexible supports, arbitrary rotor-induced inflow, and 
arbitrary vertical gust model. These representations are des- 
cribed in previous published texts. 
This report was prepared under N A S A  AMES Contract Number 
NAS2-6463, "Study, Design, and Fabrication of a High Performance 
Rotor System". Mr. John P. Rabbott, Jr. was NASA Technical 
Manager. 
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DEFINITLONS OF SYMBOLS 
-
a acceleration, f =/sec2. A l s o  ma t r ix  (3.17) 
" j i  g e n e r a l i z e d  mass i n  normal mode cooxdinates ,  (3.58) .  Also d i r e c t i o n  cos ine  (See 7.28, 7.29) 
"P a c c e l e r a t i o n  o f  a p o i n t  P r e l a t i v e  to  t h e  o r i g i n  
of t h e  z5 axis, Fig.  15  
a0 r e v e r s e  f low parameter .&~2d wi th  s t eady  a i r f o i l  
d a t a ,  (9.141, (9.15) 
a speed of sound, f t / s e c  
all*. a12;. 
c o e f f i c i e n t s  i n  express ion  f o r  o o r r e c t i o n  to  
a21*f a22 modal s t i f f n e s s  to  account  f o r  change i n  p i t c h  
(see Sec. 4 .2 ) .  
(a05 1 )i  i-th components of 3-component a c c e l e r a t i o n  v e c t o r  (ao 5 151 ) i eva lua ted  at 0s and faf e r r e d  to and z5 axes ,  
r e s p e c t i v e l y ,  f t / s e c  
X 
am g e n e r a l  form of r a d i a l l y  independent  c o e f f i c i e n t  
a r i s i n g  from Ax, A or A, components of 
a c c e l e r a t i o n  (See ELc. 7. lc  and 7. l d )  
9 b l a d e  c r o s s - s e c t i o n a l  a rea .  A l s o ,  bending 
s t i f f n e s s  matrix (3.10) .  A l s o  p i t c h  horn 
a t tachment  p o i n t ,  Fig. 24. 
Ax, Ay, A, l i n e a r  a c c e l e r a t i o n  terms i n  a c c e l e r a t i o n  
components, f t / s e c 2  (See 7.75 and 7.77). 
4, A s ,  A& A-&t A - 8 ' .  A A , , A ~ ~ ,  A-*t A-$8. Ap, 
A-psr A-*' 
o r t h o q a n a l  t r ans fo rmat ion  matrices d e f i n e d  i n  
(5.34j t o  (5.471, and (9.46) .  S u b s c r i p t s  
i n d i c a t e  the r o t a t i o n  t r ans fo rmat ion  argument 
angles .  
A l s  c y c l i c  p i t c h  c o n t r o l  i n p u t ,  rad .  C o e f f i c i e n t  
of  c o s i n e  term 
j , A,. (I) t A&, , A m i  A m j  (3)  ( 3  
h d a l  i n t e g r a l s  de 
i v 
PAGE 
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b j i  generalized s t i f f n e s s  i n  normal mode coordinates ,  ( 4 . 9 ) .  Also d i r e c t i o n  cosine  (9.89) .  
h n x  general  form of r a d i a l l y  independent c o e f f i c i e n t  
a r i s i n g  from Bx, B , or B components of 
acce l e ra t i on  (See gec. 7. fc and 7.16) 
B t o r s ion  s t i f f n e s s  matrix,  (3.10) 
Bx, By, Bz angular  acce l e ra t i on  c o e f f i c i e n t s  mult iplying 
y10 terms i n  acce l e ra t i on  components, rad/sec2. 
See 7.75 and 7.77. 
Modal i n t e g r a l s  defined i n  Table 2. 
blade chord, f t .  Also, cosine. A l s o ,  s t r u c t u r a l  
damping coeff icient 
C c r i t  critical value of s t r u c t u r a l  damping coeff ic ient  
%nx general  form of r a d i a l l y  independent c o e f f i c i e n t  
a r i s i n g  from Cx, C o r  Cz components of 
acce l e ra t i on  (See Bec. 7. l c  and 7.16) . 
Cd sect . ion drag c o e f f i c i e n t  (See P.  11) 
c 1 section l i f t  c o e f f i c i e n t  (See 9.10) 
C j k  c o e f f i c i e n t  i n  blade modal damping t e r m ,  (4.70). 
C c e n t r i f u g a l  s t i f f n e s s  matrix,  (3.10) 
Cx, Cy,  C z  angular  acce l e ra t i on  c o e f f i c i e n t s  mu l t i p l  ing z10 
terms i n  acce l e ra t i on  components, rad;sec3 (See 
7.75 and 7.77) 
C~~ l a g  da-per constant ,  lb-ft-sec/rad 
d s ec t ion  aerodynamic drag,  lb/f  t, (9 .11)  
ds  f i b e r  length extending between ad jacen t  beam 
faces  a f t e r  e l a s t i c  deformation 
dso f i b e r  length extending between ad jacen t  beam faces  before elastic deformation 
v 
PAGE 
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D mass matrix, (3.10) 
e blade hinge o f f s e t ,  f t  
e A  d i s t ance  of local elastic cen t ro id  from local 
elastic a x i s  i n  t he  p o s i t i v e  y10 d i r ec t ion ,  f t .  
E modulus of e l a s t i c i t y ,  lb / f  t2 
- 
E hinge o f f s e t  vec tor ,  (5.20) 
*I, f  latwise blade bending s t i f f n e s s ,  l b - f t 2  (6.21) 
E = ~  edgewise blade bending s t i f f n e s s ,  l b - f t 2  (6.22) 
F t h r e e  component v e c + s ~  of general ized fo rces  i n  
loading equi l ibr ium equation,  4 . 1 . FT = F1, 
F2, F3. A l s o ,  f o r ce  a c t i n g  on a blade sec t ion ,  lb. 
F1, F2, F3 components of general ized fo rce  i n  force  vector  i n  
loading equi l ibr ium equation,  defined by ( 6.63) 
to ( 6 . 6 5 ) .  
53 acce l e ra t i on  of g rav i ty ,  f t / sec2  
9* modal damping r a t i o ,  = 2c/ccrit  
GJ blade t o r s i o n a l  s t i f f n e s s  , lb-f t 2  
-I- -r 11, 15 u n i t  vec tors  i n  x i  and x5 d i r e c t i o n  
1 B blade mass moment of i n e r t i a ,  lb-f t -sec2 
- 
j l f35  u n i t  vec tors  i n  t he  y l  and yg d i r e c t i o n s  
k~ s t r u c t u r a l  r ad ius  of gyra t ion  measured from the 
o r i g i n  of the yl0-z 0 axis (elastic a x i s )  i n  t he  
p o s i t i v e  y10 d i r e c t  f on, f t ,  (6.23) 
kylO, kZl0 mass r a d i i  of gyra t ion  measwed i n  t he  y10 and 
z ip  d i r e c t i o n s  from t h e  o r i g i n  of the y10-z10 
a x i s  (elastic a x i s ) ,  it, (8.13) 
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- 
k i t  E5 u n i t  vec tors  i n  t h e  z l  and zg d i r e c t i o n s  
KD, KFp Kp blade leading,  f lapping and t o r s i o n  r o o t  spr ing  
constants ,  f t - lb / rad  
1 sec t ion  aerodynamic l i f t ,  I b / f t ,  (9.10) 
m blade mass per u n i t  l eng th  s l u q / f t  (8.13). A l s o  
aerodynamic moment per  u n i t  l eng th ,  lb .  
quasi-steady sec t ion  damping moment per u n i t  length,  
l b ,  (9.13) 
m0 blade re fe rence  mass per u n i t  length,  s l u g / f t  
l o c a l  Mach number f o r  flow perpendicular  t o  
blade sect ion.  A l s o  moment ac t ing  on a blade 
sec t ion ,  f t - l b .  Also, number of modes. 
M 1 ,  M2 f l a t w i s e  and edgewise s t r u c t u r a l  r eac t ion  
moments , f t- l b  
P loading per  u n i t  length of blade. l b / f t  
P d i s t ance  from the  o r i g i n  of the  z5 a x i s ,  f t ,  
Fig. 19 .  Also denotes po in t  of pushrod a t tach-  
ment (Sec. 12.1). Also i n t e r c e p t  of e l a s t i c  a x i s  
i n  x-z plane, Fig. 11. 
4 column vec tor  of modal amplitudes, ( 4 . 1 9 ) .  Also 
moment loading per u n i t  length,  lb .  
4 i  modal amplitude of i - t h  ~ilode. 
t o r s ion  r eac t ion  moment, f t - l b .  
Also posi t ion of elastic a x i s  i n  x-z plane a f t e r  
bending displacement, Fig. 11. 
Ol general ized fo rce  i n  j - th  modal equation 
Qj('), Qj(2) t Qj ( 3 )  
cont r ibu t ions  to creneralized fo rce  Q; def ined 
by (4.26) t o  (4.28) . ~ l s o  modal i n t d g r a l s  from 
these  cont r ibu t ions  (Sec. 8 and Appendix 14.3)  
Q~~ aerodynaiiic con t r ibu t ion  t o  Qj 
Q jD i n e r t i a l  con t r ibu t ion  t o  Q, 
I 
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Q jP p o i n t  load  ( l a g  damper) c o n t r i b u t i o n  to Qj  
pjA1, Q j  A2, Q,A3 
ae$odynam con i b u t i o n s  t o  g e n e r a l i z e d  f o r c e s  
Qj(l) Q j , Q>3) , r e s p e c t i v e l y  (See 4.32 to 
4.35). 
D l  D2 Qj  8 Q j  Q j  D3 
i n  r t i a l .  o n t r i b  ' ons  to  g e n e r a l i z e d  f o r c e s  v2) , QjYSf, r e s p e c t i v e l y  (See 4.32 to Qj  r Qj 
4.35). 
P2 *.P3 Q ~ ~ ~ ,  Qj  t 
p o h t  load  ( l a g  dampe u t i o  
g e n e r a l i z e d  f o r c e s  Q 3 r e s p e c t i v e l y  (See 4. 
r r a d i a l  d i s t a n c e  i n  t h e  xg d i r e c t i o n  from 
hinge,  f t  ( A l s o  denoted by x )  
r A  xg c o o r d i n a t e  of  p i t c h  horn a t tachment ,  f t .  
Fig. 24. 
I 
I rF hinge of f s e t ,  f t ,  Fig. 1 
r~ x5 c o o r d i n a t e  o f  p o i n t  of a t t a c l m e n t  o f  pushrod, ft, Fig. 24 
r~ v a l u e  of r a t  b lade  t i p ,  = R-e,  f t  
rocw v a l u e  of  r a t  inboard  end of  counterweight ,  it 
R rotor r a d i u s  = e + r t  or = r~ + R 1 ,  f t .  
it three-component r a d i u s  vec to r ,  (5.20) 
R 1  v a l u e  o f  xo a t  b lade  t i p ,  = R - r ~  f t .  
R l ,  R2, R3...modal i n t e g r a l s ,  Appendix 14.3 
s s i n e  
S jk  c o e f f i c i e n t  of modal a c c e l e r a t i o n  & i n  modal 
a c c e l e r a t i o n  equa t ion ,  (4.14) 
s j k ( l )  , s ~ ~ ( ~ )  , s k ( 3 )  
c o n t r i b u t i o n s  to a j k  from Q j D 1 ,  Qj'2, and pjD3, 
r e s p e c t i v e l y .  
REPORT NO. SER- 5 09 12 
S square matr ix  of sjk elements, dimensions 
of M x M, (4.17) 
t t i m e ,  sec.  
j forc ing  func t ion  on r igh t - s ide  of modal accelera-  t i o n  equation,  ( 4 . 1 4  . 
T column vec tor  of t j  elements, dimensions M X 1, 
(4.18). 
s teady tension ac t ing  on a sec t ion  of blade, 
l b ,  (3.5) 
u* longi tud ina l  displacement oi the  blade elastic 
cen te r  i n  t he  x5 d i r e c t i o n ,  r t ,  Fig. 8. 
U magnitude of a i r f l ow ve loc i ty  perpendicular  to 
blade sec t ion ,  f  t/sec, (9.21) . Also when 
subscr ipted - denotes component of t o t a l  a i r f l ow 
ve loc i ty ,  U,  f t / s e c  
I UP component of fl p a r a l l e l  t o  210 '  , f t / s e c ,  Fig. 1 8  
UT component of 8 p a r a l l e l  t o  y l O ' ,  f t / s e c ,  Fig. 18 
- 
IJ t o t a l  a i r f l ow ve loc i ty  a t  a blade sec t ion ,  
f t / s e c ,  (9.47) a n d F i g .  19. 
edgewise elastic displacement of elastic a x i s  
i n  y d i r ec t ion ,  Fig. 1, o r  y5 d i r e c t i o n ,  Fig. 8, 
f t .  A l s o ,  ve loc i ty  of a po in t  on the  blade, 
f  t/sec. 
V i  v-displacement of e l a s t i c  a x i s  i n  i - t h  normal 
mode. 
V l  sum of blade elastic edgewise and blade r i g i d  
body J . e a d i ~ j  displacements of elastic cen te r ,  
f t ,  ( 3 . 6 ) .  
V l i  v l  displacement of e l a s t i c  a x i s  i n  i - t h  normal. 
mode 
(vo5 (l) ) i ve loc i ty  - vec tor  evaluated a t  O 5  and r e f  e r r ed  t o  
X i  ax i s ,  f t / s e c  
f  latwise e l a s t i c  disp1acene:~t  of e l a s t i c  a x i s  
i n  z d i r e c t i o n ,  F i g .  1, o r  ;5 d i r e c t i o n ,  Fig. 8 ,  ft. 
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Wi w-displacement of elastic a x i s  i n  i-th normal mode. 
W1 sum of blade elastic f l a t w i s e  and blade r i g i d  body Zlapping displacements of e l a s t i c  cen te r ,  it, (3 .6 ) .  
Wli w 1  displacement of e l a s t i c  a x i s  i n  i - t h  normal modes 
coordinate ,  Figs. 1 and 8. A l s o  vector  of dis- 
placements Bet w 1  and v1 !See 3.18) 
Xi vector  of displacements x i n  i-th mode 
% x-coordinate of a point  on the  blade i n  the  x- d i r e c t i o n  of Fig. 1, neglecting longi tud ina l  
elastic extension 
ZIO vec tor  of coordinates  of hub r e f e r r ed  to  zI a x i s  
X 1 ,  X 2 ,  X3 r e s u l t a n t  t o r s i o n  moment per u n i t  length,  
r e s u l t a n t  f l a tw i se  loading per u n i t  length,  a ~ d  
r e s u l t a n t  edgewise loading per u n i t  length,  
respec t ive ly ,  ac t ing  on a blade element. 
pos i t i on  vec tor  with components x, y ,  and z. 
Also used t o  designate  force ,  moment, loading 
and ve loc i ty  vectors.  
coordinate ,  Figs. 1 and 8. Also, vector  of r o o t  
s t i f f n e s s e s ,  (3.19) 
y5  coord i~ t a t e  of po in t  of attachment of pushrod, 
f t ,  Pig. ( 2 4 ) .  
y10 value of cen t ro id  of s e c t i o n  mass, f t .  
coordinate ,  Figs. 1 and 8. 
g u s t  i nc l ina t ion ,  rad,  Fig. 20. Also pitch-lag 
coupling angle,  rad. (12 .11)  
s ec t ion  angle  of a t t a c k ,  rad,  Fig. 18 
p i t c h  l a g  coupling angle,  rad. 
con t r ibu t ion  to amnx i s o l a t i n g  terms independent 
of q)'. 
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Accelerat ion c o e f f i c i e n t s  defined i n  Table 2. 
f i  blade f lapping angle, rad,  Fig. 7. Also l o c a l  pitch 
angle  ,rad ( i n  equa t io r~s  f o r  normal mc =es of 
v i b r a t i o n ) ,  including b u i l t - i n  t w i s t .  
,&i blade f lapping angle displacement i n  i - t h  mode, 
rad . 
lead angle,  &ad, Fig. 1. 
4 f lapping,  rad,  Fig. 1. 
4 r o o t  end p i t c h  angle,  rad,  Fig. 1. 
con t r ibu t ion  t o  hnX i s o l a t i n g  term8 independent 
of ijk. 
Accelerat ion c o e f f i c i e n t s  defined i n  Table 2. I 
cont r ibu t ion  t o  c+,,* i s o l a t ~ n g  t e r m s  independent 
of Gk. 
6 blade l ead  angle,  rad ,  Fig. 7. Also p re f ix  
denoting per turba t ion  var iab le .  Also e l a s t i c  
cen te r  1 -placement due to t o r s i o n a l  displacement 
of a beam element, Fig. 12. 
6i lead angle  displacement i n  i - t h  mode, rad. 
s i k  Kronecker d e l t a .  
$3 p i t c h  f l a p  coupling angle ,  rad,  ( 1 2 . 1 1 ) .  
l3 p i t c h  f l.ap coupling angle,  rad,  (12.11) . 
hv ,sw e l a s t i c  cen te r   displacement^ due to t o r s i o n a l  
displacement of a beam element, (5.73), (5.74). 
(gist),  d i f f e r e n t i a l  opera tor ,  (7.11.) . 
d vec tor  of elastic cen te r  displacements i n  
twf s t e d  coordinates ,  8,: bl., A2- Also s m a l l  
length  of blade over which Ir . damper moment is 
applied.  
U 
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e ~ c w  d i s t a n c e  between chordwise l oca t ion  of counter- 
weight and chordwise l oca t ion  of elastic cen t ro id ,  
e ~ ,  p o s i t i v e  i n  the d i r e c t i o n  of ylo ,  f t .  
A t  time increment, sec. 
b v ,  d w  elastic cen te r  displacements accompanying blade 
t o r s i o n a l  displacement, f t ,  (5.751, (5.76). 
Ay*, dz* r o t a t i o n  arras y i s ld ing  elastic cen te r  d isplace-  
ments due to  t o r s i o n a l  displacement, (5.67), (5.68), 
Fig. 11. 
A v i k ,  Awik cont r iba t ions  to elastic cen te r  displacements d v ,  
and Aw from the i - t h  f latwise-edgewise and k-th 
t o r s i o n  modes, (7.86) , (7.88) . 
A e  change i n  p i t c h  angle  Qdue  to f lapping and 
f latwise displacement, rad,  (12.2) . 
dl, A2 elastic cen te r  displacements i n  twis ted 
coordinates ,  f t ,  Fig. 3 
I G seain. Also denotes a s m a l l  quant i ty .  Also 
denotes angle i n  Fig. 18. 
cot e-1, C-Z , 6-3 
s t r a i n  coe f f i c i en t s ,  (6.10) . 
4 coordinate,  Fig. 1. Also see Fig. 5. 
7 coordinate,  Fig. 1. Also see Fig. 5. 
7c ?va lue  of cen t ro id  of mass of  blade sect ion.  
8 l o c a l  blade p i t c h  angle due to c o n t r o l  input  
a.~d bu i l t - i n  t w i s t ,  rad, = 8c + Ot, Fig. 8. 
8' angular coordinate,  Fig. 5. Also d e r i v a t i v e  of 6 with rospect  to  r. 
- 
6 t o t a l  l o c a l  blade p i t ch  angle,  rad, = 8 + 0,. 
43 local b ~ i l t - i n  twist angle,  rad. 
& sum of b u i l t - i n  twi& angle  and c o l l e c t i v e  
p i t c h  con t ro l  input ,  -ad, = BB + b314~. 
4 blade to r s ion  displacement i n  i - t h  normal mode. 
x i  i 
PAGE 
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0e t o r s i o n a l  displacement, rad,  Fig. 8. 
0s angular coordinate ,  Fig. 4. 
Qt time-dependent component of  p i t c h  angle due to 
c y c l i c  con t ro l  input ,  p i tch-f lap,  and pitch-lag 
couplings, (12.1 ) . 
Gel  sum of time-dependent p i t c h  an le Bt and t o r s i o n a l  
displacement Be, rad  ( = & + Je 1 .  
c o l l e c t i v e  p i t c h  inpu t  angle  measured a t  r = 3/4R, 
rad  . 
@El* p i t c h  angle used to  c a l c u l a t e  blade normal modes 
of v ib ra t ion ,  rad. 
A,# A2 elastic angular  displacements, rad,  Fig. 8 
F j k  co r r ec t ion  to  modal s t i f f n e s s  accounting f o r  p i t c h  d i f fe rence ,  (4.46), (4.66). 
i P j k *  cont r ibu t ion  t o r j k ,  (4.67) 
cpnt r ibu t ion  t o  %X i s o l a t i n g  terms multiplying 
9k * 
dunmy var iable .  A l s o  coordinate  Fig. 1. A l s o  
see Fig. 5. 
pos i t ion  vec tor  with components f, 7 , 4. 
dens i ty ,  slug/ft3 
dens i ty  of counterweight, slug/f t. 
displacement vector  0105, Fig. 15. 
cpn t r ibu t  i on  to  amX i s o l a t i n g  terms mult iplying 
9k. 
con t r ibu t ion  to bX i s o l a t i n g  terms mult iplying 
;ik 
blade torsion82 displacement, rad,  Fig. 1. A l s o  
inflow angle,  rad,  (9.20) 
9s angular displaceraent, rad,  Fig. 4. 
9' angular displacement, rad ,  Fig. 5. 
x i i i  
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3L* blade azimuth angle, rad, Pig. 7. 
YR angle )uof a reference blade, rad. 
(h) 0 a n g l e v R  of the  reference blade a t  time t = to, rad. 
Y's angular coordinate, rad, Fig. 4 
Y' angular coordinate, rad, Fig. 5. 
c i r c u l a r  frequency of v ibra t ion  of a normal 
mode, rad/sec. Also angular veloci ty ,  rad/sec. 
wi (1) components of angular ve loc i ty  defined by (7.58). 
fi ro to r  r o t a t i o n a l  speed, rad/sec. 
SUBSCRIPTS 
c /4 ,  3c/4 quexter chord, thzee-quarter c h o ~ d  point. 
dununy subscripts.  Denotes d i rec t ion  cosine with 
i and j ranging from 1 to 3. A l s o  denotes mode 
number, with i and j ranging from 1 t o  M. 
k, 1 duuuny subscr ip ts  denoting mode number, with k and 
1 ranging from 1 to M. 
denotes displacement of elastic ax i s  re fer red  
t o  y6 o r  26 direct ions,  Fig. 8. A l s o  denotes 
quantity evaluated a t  hinge. 
subscript  ra;y?ng ov n m b e r s D ~ ~  elements 
composing Qj , Q,D", a d  Qj , Table 2. Also 
first subscript  i n  am*, bmnx, etc. assuming values 
0, 1, o r  2 (See Sec. 7.lc and 7.ld).  
second subscript  i n  amx, b x ,  etc .  assuming 
values 0 to 6 (See Sec 7. lc and 7. l d )  . 
X I  Y, 2, Y l t  
"h r X5r Y5r 25, X l O ,  Y l O ,  "10 Den0 es vector component referred to x, y, 2, X i ,  
Y 1 21, x5, y5, 25, X l O ,  Y l O l  "10 d i rec t ion= 
AIR denotes a i r f low induced by source independent of 
ro to r  motion. 
counterweight 
quant i ty  evaluated a t  ro to r  hub. 
U 
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I, I1 denotes a x i s  systems. 
P l r  P2 pos i t ions  of pushrod attachment, Fig. 24. 
01, 05 q u a n t i t i e s  evaluated at poin ts  01 and O5 i n  
Fig. 15. 
T denotes quant i ty  evaluated a t  blade t i p .  
Argument angles  i n  c i r c u l a r  functions c and s, o r  
transformation matrices, A, rad. 
SUPERSCRIPTS 
denotes a pos i t ion  before elastic deformation. 
Also denotes quant i ty  evaluated a t  hinge. 
denotes a x i s  systems. A l s o  1 and 2 ind ica t e  t h a t  
the arguments of matrices A, B, C ,  and D are 8 
and eB* , respect ively.  
aerodynamic tern 
D i n e r t i a l  term 
P poin t  load ( lag  damper) term 
superscr ip t  i n  amX, MI etc. denoting x, y, o r  
z (See Sec. 7. lc o r  7.ld). Also d/dy. 
denotes contr ibut ion with modal acce le ra t ion  
terms removed. 
0 1 , 2 denotes zeroeth, f i r s t ,  and second order quanti ty.  
(-1 complex conjugate. Also denotes vector.  Also 
non-dimensional var iable .  
A eqci l ibr ium value. Also running va r i ab le  
(Soc. 5.3).  
xv  
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1. INTRODUCTION 
The work d e s c r i b e d  h e r e  is a f u r t h e r  s t e p  i n  t h e  e v o l u t i o ~  
o f  methods f o r  c a l c u l a t i n g  t h e  mot ions  and r e sponses  of 
rotor systems.  T h i s  e f f o r t  advances  beyond t h e  s i n g l e  b l a d e  
a n a l y s i s  of Ref. (1) and t h e  mu l t i -b l ade  r o t o r  a n a l y s e s  o f  
Ref. ( 2 )  and ( 3 ) ,  by i n t r o d u c i n g  coupied  f l a tw i se -edgewise  
assumed normal modes and a  h i g h  t w i s t  c a p a b i l i t y  i n  t h e  
mu l t i -b l ade  a n a l y s i s .  Tab le  A compares t h e  f e a t u r e s  o f  
s e v e r a l  rotor r e s p o n s e  a n a l y s e s .  The p r e s e n t  t h e o r y  
is i n c o r p o r a t e d  i n  S i k o r s k y  computer program Y210 (Ref. 5 ) .  
The m o t i v a t i o n  f o r  t h e  i n t r o d u c t i o n  of  coupled  f l a t w i s c -  
edgewise modes i s  t h e  e x p e c t a t i o n  t h a t  a coupled  modes 
a n a l y s i s  w i l l  be more a c c u r a t e  t h a n  a n  uncoupled modes 
a n a l y s i s  when bo th  u s e  t h e  same number of  modes, p a r t i c u l a r l y  
f o r  h i g h l y  t w i s t e d  b l a d e s .  The i n c o r p o r a t i o n  o f  t h e s e  
coupled modes w i t h  a h igh  t w i s t  c a p a b i l i t y  is expec ted  t o  
p rov ide  a  s u p e r i o r  tool to  hand le  modnrn h igh  t w i s t  r o t o r s  
and r o t o r s  c o n v e r t i n g  t o  a d u a l  p r o p e l l o r  mode of  o p e r a t i o n .  
A p a r t  from t h e s e  f e a t u r e s ,  t h e  r e s t r i c t i o n s  and scope  of t h e  
model are s i m i l a r  t o  t h o s e  of t h e  p r e v i o u s  a n a l y s e s  (Ref .  
1 to 3 ) .  The p r e s e n t  model a d h e r e s  c l o s e l y  t o  the assump- 
t i o n s  of  Ref.  (1) r e g a r d i n g  approximat ions  to  terms 
i n v o l v i n g  p r o d u c t s  o f  elastic v a r i a b l e s  and p r o d u c t s  of  s m a l l  
q u a n t i t i e s  occur r i f ig  i n  t h e  e q u a t i o n s  of motion.  These 
assumpt ions  a r e  l i s t e d  i n  t h e  n e x t  s e c t i o n  and a r e  ~ , e ~ e a t c d  
i n  t h e  t e x t  a s  r e q u i r e d  d u r i n g  t h e  d e r i v a t i o n s .  The proce- 
d u r e  of  coup l ing  t h e  r o t o r  u i t h  t h e  s u p p o r t i n g  system was 
i n h e r i t e d  from Ref. ( 2 )  . The g e n e r a l i z e d  c o o r d i n a t e s  ar~d 
e q u a t i o n s  of  mot ions  f o r  s u p p o r t  sys tems ,  c o n s i s t i n g  of  a 
complete  h e l i c o p t e r  w i t h  a r i g i d  f u s e l a g e ,  and a  grounded 
f l e x i b l e  s u p p o r t ,  a r e  d e s c r i b e d  i n  R e f .  2  and Ref. 3, 
r e s p e c t i v e l y .  The method of c a l c u l a t i n g  t h e  normal mode 
shapes  and f r e q u e n c i e s  f o r  coupled  f l a t w i s e - e d g e w i s e - t o r s i o n  
motions of a  r o t a t i n g  t w i s t e d  b l a d e  i s  d e s c r i b e d  i n  R e f .  4. 
T h i s  is a f i n i t e  e lement  ( t r a n s f e r - m a t r i x )  method based on 
t h e  Holzer-Myklestad t y p e  of  t r e a t m e n t .  The e q u a t i o n s  
were s p e c i a l i z e d  f o r  t h e  p r e s e n t  a p p l i c a t i o n  to  y i e l d  
coupled  f la twise-edgewlse  modes and a n  uncoupled t o r s i o n  
mode, as d e s c r i b e d  i n  Chapter  3. These e q u a t i o n s  were 
i n c o r p o r a t e d  i n  t h e  coupled modes module of program Y210. 
A l s o  i n c o r p o r a t e d  i n  program Y210 i s  a v a r i a b l e  i n f l o w  
c a l c u l a t i o n  module, based on t h e  method of  Ref. (51,  and t h e  
g u s t  r e p r e s e n t a t i o n ,  d e s c r i b e d  i n  Ref ( 2 ) .  For comple teness  
we have inc luded  i n  t h i s  r e p o r t  t h e  e q u a t i o n s  i n t r o d u c i n q  t h e  
e f f e c t s  of a  c y l i n d r i c a l  v e r t i c a l  g u s t  s u p e r i o r  t o  t h a t  of 
Ref. (21 ,  b u t  which was n o t  i n c o r p o r a t e d  i n  t h e  program. 
. . 
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TABLE A - COMPARISON OF FEATURES 
OF RbTOR RESPONSE ANALYSES 
OF 





















Single Blade Aero- 
e l as t i c  Analvsis 
External ly calculated 
Uncounlcd Yomal Modes 
5 f latwise. 3 edgewise 
2 to rs ion  
20 steady-state a i r f o i l  
data with varying a i r f o i l  
d i s t r i bu t i on  A. A, B o r  
time delav unsteadv aero, 
no skewed flow 
-- - - - - - - 
Constant o r  var iable 
inf low (calculated 
ex terna l ly )  
None 
None 
Root snring, no 
coup1 i ng  
Col lect ive. 1P and 2P 
cyc l i c  prescribed hub 
motion or cont ro l  inputs 
Trims to  spec i f ied  r o to r  
forces and moments 
I UNIVAC 1110 
Y-EQO 
Multi-Blade Aero- 
e l as t i c  Analysis 
I n t e rna l l y  calculated 
Uncoupled Normal Mdes 
5 f latwise. 4 edgewise 
2 to rs ion  
20 steady-state a i r f o i l  
data, 1. A, B unsteady 
aero. no skewed flow. 
gust input capab i l i t y  
- - 
Same as F-574 
Rig!J Rody Hel icopter 
u r  Compound, Free 
Fl  l nh t  
Steady-State 
Arrodvnamics 
Sam as F-574 
Co l lec t ive  and 1P 
cvc l l c  
Trims t o  specified 
r o to r  o r  a i r c r a f t  
forces and moments 
UNIVAC 1110 
IBM 360 









12 cpu min. on 
ilYlVAC 1110 
A r t i c ~ l a t e d ,  semi- 
a r t i cu la ted.  
hingeless, tee ter ing  
Slade loads and 
def lect ions, pushrod 
loads. r o to r  hub 
loads, blade s t a b i l i t y ,  
r o t o r  an4 a i r c r a f t  
gust response 
1966-1967 
' cpu min. on UNlVAC 
1110 
Art iculated, semi- 
a r t i cu la ted,  hinqeless 
Y-141 (Y-201) 
kl ti-Blade Aero- 
e l a s t i c  Analysis 
wi t n  Gro~rnded 
F lex i b l e  Support 
Same as Y-ZOO 
Same as Y-200 
-- ~ ~ 
Same as F-574 
Sam as Y-200 plus 
ont ion  fo r  grounded 
f l ex i b l e  cupport 
( 10 modes) 
Sam as Y-200, no 
aero on f l e x i b l e  
support 
Same as F-574 
Sam as V-200 




kl t i -B lade Aero- 
e l as t i c  Analysis w i th  
High i w i h t  Capabi l i ty 
I n t e rna l l y  calculated 
Coupled Normal Modes 
7 Modes 
Sam as Y-200 
- 
Constant o r  v r r i ab i e  
in f low (calculated 
in terna l  .y )  
Sam as Y-141 (Y-201) 
Same as '1-141 (Y-201) 
Same as F-574 
Same as Y-200 (Y-231) 
Same as Y-200 
IBM 370 
1972 
12 cpu min. on 
IRM 3101158 
Same as V-200 
Sam as Y-200 
Plus nround 
resonance 
s t a b i l i t y  
Primary Use 
1973-1974 
15 cpu min. on IBM 
77011 58 
Same as I:-200 
Same as Y-141 plus 
loads and s t a b i l i t y  
o f  hiqh t w i s t  blades 
Blade loads, and 
def lect ions, pushrod 
loads, blade s t a b i l i t y  
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The p r e s e n t  a n a l y s i s  employs Newton's second u a t i o n  
"9 to  d e r i v e  the equa t ions  of  motion. W e  were i n  luenced by 
Ref. (1) i n  adopt ing  t h i s  method, and by a d e s i r e  to  
p rese rve  sinilarities wi th  t h a t  d e r i v a t i o n ,  tc assist i n  
t h e  development and checking of t h e  equat ions .  The 
r e s u l t i n g  equa t ions  are transformed i n t o  an approximate un- 
coupled set of equa t ions  us ing  normal mode coord ina tes  by 
cons ider ing  t h e  v i r t u a l  work done by a r o t o r  b lade  i n  a 
v i r t u a l  displacement  of a nonnal mode. The r e s u l t i n g  
normal mode d i f f e r e n t i a l  equa t ions  a r e  i n t e g r a t e d  wi th  
r e s p e c t  t o  time to  o b t a i n  t h e  response of  a rotor blade.  
Forces and moments induced by t h e  mult i -blade r o t o r  are f e d  
t o  t h e  suppor t  and t h e  r e s u l t i n g  suppor t  motion is  f e d  
back to  t h e  r o t o r  to o b t a i n  t h e  response of t h e  coupled 
ro to r / suppor t  system. 
T h i s  r e p o r t  d e s c r i b e s  t h e  mathematical model i n  s u f f i c i e n t  
detail to enab le  a reader to  understand,  check, and modify 
the theory.  The a d d i t i o n  of t h e  hiqh twist f e a t u r e  
t o g e t h e r  wi th  hub motion terms caused a l a r g e  i n c r e a s e  i n  
t h e  number of  terms and modal i n t e g r a l s  i n  t h e  equa t ions ,  
i n  comparison wi th  Ref. (1). The p r o l i f e r a t i o n  o f  terms 
emphasized t h e  need f o r  sys temat ic  development of t h e  
equa t ions  and e x p o s i t i o n  of t h e  theory ,  and t h e  t e x t  
r e f l e c t s  our  a t t empt  to s a t i s f y  t h i s  demand. 
The r e p o r t  is  organized on t h e  fo l lowing l i n e s .  Chapters  
3 and 4 g i v e  a n  overview of the approach. I t  i s  necessary  
t o  read  t h e s e  c h a p t e r s  to understand t h e  subsequent  t e x t .  
I f  only  g e n e r a l  f e a t u r e s  of t h e  model are of i n t e r e s t ,  a 
reading of t h e  t e x t  may be confined t o  t h e s e  two chap te r s .  
We d e r i v e  i n  Chapter  3 t h e  d i f f e r e n t i a l  equa t ions  s a t i s f i e d  
by the normal modes of v i b r a t i o n  and e s t a b l i s h  t h e  
o r t h o g o n a l i t y  p r o p e r t i e s  of t h e  modes. These equa t ions  and 
t h e i r  o r t h o g o n a l i t y  p r o p e r t i e s  provide t h e  key to  t h e  
d e r i v a t i o n  of equa t ions  of  motion i n  t e r m s  of normal mode 
coord ina tes  from t h e  d i f f e r e n t a l  equa t ions  f o r  the mul t i -  
b lade  r o t o r .  Chapter 4 expands the overview, and i n t r o d u c e s  
conventions t o  d e s c r i b e  g e n e r a l  t e r m s  i n  tkie normal mode 
d i f f e r e n t i a l  equa t ions ,  which determine t h e  o r g a n i z a t i o n  
of  subsequent c h a p t e r s ,  d i r e c t e d  to t h e  e v a l u a t i o n  of t h e s e  
terms i n  the g e n e r a l  equat ion .  
Chapter 5 in t roduces  t h e  r e c t a n g u l a r  a x i s  t r ans fo rmat ions  
employed f o r  t h e  d e s c r i p t i o r ~  of t h e  displacement  of a p o i n t  
on a blade.  These t r ans fo rmat ions  c o n s i s t i n g  of l i n e a r  
d isp lacements  and r o t a t i o n s ,  a r e  the genera l i zed  c o o r d i n a t e s  
i n  t h e  equa t ions  of motion i n  p h y s i c a l  space ( i n  c o n t r a s t  
t o  modal space,  which is reached a f t e r  the t rans fo rmat ion  




Chapter 6 yields moment and loading equilibrium equations 
similar to those presented in ~ e f ,  (l), to define general 
expressions for the generalized forces in physical space. 
These general expressions guide further the organization 
of the subsequent text, which is ,dedicated to the systematic 
evaluation of blade element loads in these expressions. 
Chapter 7 begins the evaluation of the terms in the express- 
ions of Chapter 6 for generalized force by obtaining the 
acceleration of a point on the blade, scheduled for sub- 
stitution in the inertia contribution to generalized force. 
In this chapter four different versions of t2,e acceleration 
are elaborated to ease and systematize the subsequent 
derivation of inertia loads. Chapter 8 completes the 
derivation of the working form for the inertia contribution 
to the generalized force in modal space. 
Chapter 9 yields all the -working equations needed to cal- 
culate the aerodynamic contribution to the generalized 
force. This chapter includes expressions for the relative 
flow velocity at the blade for general hub motions and 
gust-induced velocities. 
The text is completed by Chapters 10 to 12 covering the 
following short subjects. These comprise derivations of 
1) lag damper contribution to generalized force; 
2) shears and moments affecting the blade and fixed systems, 
employed to display the response, and required for the 
analysis of the coupled rotor/support syste~n; 
3) expression for contribution to blade pitch induced by 
cyclic control inputs and pitch-flap and pitch-lag 
couplings; 
4) non-dimensionalization rules employed to reduce the 
normal mode differential equations to non-dimensional 
form in the program code. 
2. ASSUMPTIONS 
The fo l lowing major assumptions a r e  made t o  d e r i v e  t h e  
equa t ions  of motion. 
1. I n  g e n e r a l ,  the r o t o r  hub may be i n  a c c e l e r a t e d  motion. 
Th i s  s t a t e  i n c l u d e s  uniform motion as a s p e c i a l  c a s e ,  
2. The b lade  elastic a x i s  is  s t r a i g h t  be fo re  a l a s t f c  
deformation has  occurred ,  and c o i n c i d e s  wi th  t h e  f e d t h s r i n g  
a x i s  b e f o r e  a l a s c i c  deformation. 
3. The b lade  is  assumed to  have s t r u c t u a l  and i n e r t i a l  
symmetry about  a major p r i n c i p a l  a x i s  l o c a t e d  on the aero-  
dynamic chord. 
4 .  Blade f l a p  and l a g  h inges  and f e a t h e r i n g  bear ing  are 
co inc iden t .  
5. The b lade  may have a b u i l t - i n  t w i s t  of a r b i t r a r y  
magnitude and d i s t r i b u t i o n  along t h e  b lade  span. 
6.  The b lade  ang le  of impressed c o l l e c t i v e  p i t c h  may have 
a n  a r b i t r a r y  magnitude. 
7. Contro l  system f l e x i b i l i t y  and b lade  root r e s t r a i n t s  
are represen ted  by r o o t  s p r i n g s .  Con t ro l  c i r c u i t  mass 
and dampjng e f f e c t s  are n o t  modeled. 
8. S t r u c t u r a l  damping r a t i o  is t h e  same i n  a l l  modes 
of  v i b r a t i o n .  
9. Blade element theory  d e s c r i b e s  t h e  aerodynamic f o r c e s ,  
and r a d i a l  flow e f f e c t s  a r e  neglected.  
10. I n  a d d i t i o n  t o  t h e s e  assumptions, t h e  fo l lowing 
assumptions a r e  employed to  c a l c u l a t e  t h e  narmal modes 
of f r e e  v i b r a t i o n  of t h e  blade.  
a)  There is no mass unbalance 
b) The elastic c e n t r o i d  co inc ides  wi th  t h e  elastic axis 
c )  Coriolis terns are neglec ted  
d )  Free  v i b r a t i o n s  occur about  a p o s i t i o n  of zero  s t eady  
displacement .  
11. The fo l lowing q u a n t i t i e s  and t h e i r  d e r i v a t i v e s ,  where 
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a) Flap and lead angles,  i n  rad ians  
b) Ratios of t r a n s l a t i o n a l  e l a s t i c  displacements to  r o t o r  
rad ius ,  and to re iona l  displacement i n  rad ians  
c) Ratios t o  rotor r ad ius  of chord, cen te r  of g rav i ty ,  
hinge o f f s e t ,  maas and s t r u c t u r a l  r a d i i  of gyra t ion ,  
and elastic cen t ro id  
d) Ratios of hub l i n e a r  acce l e ra t i ons  to.n2~; hub angular 
acceleraLions ;o A' 
e) Rat io  of g r a v i t y  acce l e ra t i on  ton2~ 
f )  Time-dependent component of p i t c h  angle,  i n  rad ians  
induced by c y c L c  con t ro l  i npu t s  and p i t ch - f l ap  and 
pi tch-  l ag  ~ciuplings. 
12 .  W e  l ist  below products of t e r m s  neglected as higher 
order  terms i n  the bending e q u i l i b r i a  and sec t ion  ve loc i ty  
equations. Small q u a n t i t i e s  considered i n  t'hese products 
comprise translational e l a s t i c  displacements, t o r s i o n a l  
d isplacemmt,  chordwise d i s t ances ,  f l a p  angle,  l ead  angle,  
time-dependent component of p i t c h  angle,  hinge o f f s e t ,  
hub acce l e ra t i ons  and angular v e l o c i t i e s ,  and g rav i ty  
acce le ra t ion .  W e  neg lec t  i n  
a) F la twise  and edgewise bending equations 
(1) Second and higher order  products of elastic 
displacements 
(2 )  Third and higher o rder  products of small q u a n t i t i e s  
b) Tors ional  equation 
(1) Third and higher order  products of elastic 
displacements 
(2 )  Fourth and higher order  products of small q u a n t i t i e s  
c) Sect ion ve loc i ty  equations 
(1) Second mci higher order  products of elastic 
displacements 
( 2 )  Third and higher order  products of small quan t i t i e s .  
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3 .  Dif fe ren t i a l  Equations of Motion f o r  System 
Employed to Calcu la te  Modes of Free Vibration 
-
I n  t h i s  chapter  we de r ive  the  d i f f e r e n t i a l  equations 
of motion s a t i s f i e d  by the  system nm~loyed t o  c a l c u l a t e  
the  modes of f r e e  v ibra t ion ,  and ve e s t a b l i s h  p rope r t i e s  
of these  equations. These d i f f e r e n t i a l  equations and 
their prope r t i e s  nlay a c e n t r a l  p a r t  i n  t h e  de r iva t ion  
of modal d i f f e r e r ~ i a l  equations from the  multi-blade 
rotor d i f f e r e n t i a l  equations. I t  is r e c a l l e d  t h a t  t he  
equations used to  ca l cu l a t e  th? modes are f i n i t e  ele- 
ment equations involving t r a n s f e r  matrices and are m t  
presented as d i f f e r e n t i a l  equations i n  Reference ( 4 ) .  
Consequently, it is important to v e r i f y  the forms of 
t he  d i f f e r e r - t i a l  equations corresponding u, t he  coupled 
modes, and to e s t a b l i s h  p rope r t i e s  subsequently used 
t o  der ive  modal equations from t h e  d i f f e r e n t i a l  equa- 
t i o n s  f o r  the  multi-blade ro to r .  
Purposes of t h i s  chapter  are to: 
1) v e r i f y  t he  forms of the  d i f f e r e n t i a l  equation 
satisfied by the  system y ie ld ing  the  blade modes of  
v ibra t ion ,  
2; demonstrate b r i e f l y  the  property of or thogonal i ty  
which is used subsequently to  de r ive  s i n g l e  degxee of 
freedom unccupled modal d i f f e r e n t i a l  equations from 
coupled d i f f e r e n t i a l  equations,  
3) set o u t  t he  procedure for der iving uncoupled 
modal d i f f e r e n t i a l  equations f r o m  the system of coupled 
equations, which is  the bas i s  f o r  the later de r iva t ion  
of modal equations from the  equat ions  of motion for 
the  multi-blade rotor system, 
4)  i nd i ca t e  t he  assumptions under which the d i f f e r e n t i a l  
equations f o r  the system employed to c a l c u l a t e  the  modes 
are va l id ,  t o  i n d i c a t e  r e s t r i c t i o n s  l i k e  those required 
to  uncouple t he  t o r s ion  motion from the f la twise /  
edgewise motions, and t~ show consistency with t he  
assumptions underlying the  multi-blade r o t o r  d i f f e r e n t i a l  
equarions , 
5) compare t he  modal equations of the  presen t  method 
with t he  equations employing the  uncoupled modes of 
Reference (1). We show t h a t  our modal equations 
include modes wi th  a predomina.lt ri 1 body ( f l a p  o r  
l ag )  charac te r ,  and, hence, t h a t  t!ie f l a p  and l ag  angle 
equations of Reference (1) need not  be separa te ly  
derived . 
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Figure 1 illustrates axes systems used for the calcula- 
tion of the coupled modes. The numbering system is 
the same as that used in Reference (4) except that 
primes are added to m e  subscripted axes to prevent 
confusion with axis systems subsequen~u8ad for the 
response analysis. The axes apply to a configuration 
with no steady displacement and coincident hinges. 
Consideration of the equilibrium of forces and moments 
acting on an element of beam yields the following beam 
element equilibrium equations. 
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ELASTIC AXIS b 
Figure 1. Axes System for Calculation of Coupled Modes. 
U 
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S t r u c t u r a l  r eac t ion  moments are Q, M1, M2 i l l u s t r a t e d  
i n  Figure  l ,e ,  Applied i n e r t i a  fo rces  per u n i t  beam 
l eng th  are p,, py, pz. Applied i n e r t i a  moments per 
u n i t  beam length are q, q , qz. Steady q u a n t i t i e s  
are denoted with a ha t ,  an$ per turba t ions  are praf ixed 
with  6 (Spx 6~ , etc. 1 ,  or are unt rea ted  (u, v, w) . The lo-  
cal  p i t c h  anqle  is 6 and i s  no t  to be mnfused with  the 
f l a p  angle  of tha multi-blade r o t o r  response e q u a t i ~ n s .  
These equations could have been der ived a l s o  f r o m  
beam e l m a n t  equi l ibr ium equat ions  of Houbolt and Brooks, 
equatiorls !17) and (11) , Reference (6)  , by d iv id ing  
quan t i -deb  i n t o  s teady and per tubat ion values. 
The s t r u c t u r a l  r eac t ion  moments may be expressed i n  
terms of s ec t ion  s t i f f n e s s  p rope r t i e s  and displacement 
de r iva t ives  by means of equat ions  (15) , (16)  , and (17) 
of Reference ( 6 ) .  
The i n e r t i a  loads  px, py, Pzr qx, qy, qz de r ive  f r o m  
I n  these expressions,  y and z are diaplacements 02 
an elemental mass i n  a blade sec t ion  a f t o r  elastic 
displacements occur,  and a,, ay, a2 are acce l e ra t i on  
components of t he  elemental  mass. Neglecting blade 
longi tud ina l  extension u, the acce l e ra t i ons  apply to 
a po in t  d i s t ance  xo from the  o r i g i n  of t he  x-y-z axes. 
I 
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Figure 2 i l l u s t r a t e 8  i n e r t i a  force and moment pos i t ive  
conventions, and locat ion of the  point where forces,  
PX, Py! PZ and q8, qy, q, are evaluated. This 
point  is on the  x-axis ana is not a t  the elastic center  
of the blade which, i n  general, is displaced to some 
other  point. The purpose of the i l l u s t r a t i o n  is to 
emphasize t h a t  the applied forces  and moments of the 
coupled modes equations are defined d i f fe ren t ly  f r o m  
the  forces  and moments of the response analysis ,  a l s o  
designated px, py, pz, *, q , q ~ ,  which are evaluated a t  
the elastic canter  and resolqed to the 5 s y s t m  of 
the  response equations. Also, qy i n  the  response 
equations is  opposite i n  sense to the qy of the coupled 
modes equation, 
Employing the assumptions l i s t e d  in Chapter 2, we 
derive below from Reference ( 4 )  r e s u l t s  f o r  inertLa 
forces  and moments. Included i n  these aqsumptions are 
the  following assumptions cons is ten t  w i t h  those of the 
response equations. 
1) Fourth order products of e l a s t i c  displacements and 
small qucn t i t i e s ,  l i k e  r a d i i  of gyrations,  are neglected 
i n  the tors ion  equation 
2) Third order products of e l a s t i c  displacements and 
small quan t i t i e s  are neglected i n  the  f la twise and 
edgewise equations. 
I n  addi t ion,  the following assumptions are made to 
uncouple the tors ion  equation from the f la twise  - 
edgewise equations, and to  produce r e a l  eigensolutions: 
3 )  '& = 0, no mass unbalance 
4 )  e~ - 0, elastic centroid coincident with e l a s t i c  
a i r  
5) Cor io l i r  term8 are not included i n  the  i n e r t i a  
forces. T h i s  is an assumption of 
Ref erence ( 4 )  . 
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Figure 2.  Inert ia  Loads Canventions for Coupled 
Modes Analysis.  
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The following results are obtained: 
PAGE 
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The coupled modes module can embrace less r e s t r i c t i v e  
models than those s a t i s f y i n g  assumptions 1) to 6 ) .  To 
prevent t he  use of an incons i s t en t  model, inputs  l i k e  
e A ,  %, et, ey, e , EB1 and EB2, defined i n  Reference 
( 4 ) ,  are overr idJan by i n s t r u c t i o n s  i n  the program 
s e t t i n g  these  parameters t o  zero. This has Lhe e f f e c t  
of y ie ld ing  (3.5) exact ly .  The d i f f e r e n t i a l  equations 
s a t i s f i e d  by the  coupled modes are then exac t ly  those 
derived i n  t h i s  r e p o r t  (see  3.7 to 3.9, below). This 
observat ion e s t a b l i s h e s  the consistency of the equa- 
t i o n s  f o r  t h e  n a t u r a l  modes i n  t he  program and t h i s  
report. 
Subs t i t u t i on  of (3.5) i n  (3.1) to (3.3) y i e l d s  t h e  
d i f f e r e n t i a l  equat ions  of motion s a t i s f i e d  by the  
system employed f o r  the coupled modes ana lys i s ,  and 
t h e  s u b s t i t u t i o n  
transforms the equations i n t o  
(3.7)  
- S X ,  = - ((GJ 36;) q, I ) '  . 
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These equations are expressed i n  matri; form, to e f f e c t  
the most convenient derivation subsequently of the proper- 
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I t  i a  seen from (3.7) to (3.91, o r  (3.10), and 
boundary condi t ions  (3.15) and (3.16), Sect ion 3.1, 
t h a t  t he  t o r s i o n  motion is confined t o  (3.7) which 
does no t  involve v e r t i c a l  o r  inplane motions, i nd i ca t ing  
an uncoupled b r s i o n  motion. I n  general ,  f o r  non- 
vanishing p i t ch ,  f i  , v e r t i c a l  and inplane motion t e r m s  
appear simultaneously i n  ( 3.8 and (3.9) i nd i ca t ing  
t h a t  t he se  are coupled. The uncoupled charac te r  of 
the t o r s i o n  motion and the coupled charac te r  of t h e  
v e r t i c a l  and inplane motions are consequences of 
assumptions 1) t o  6 ) ,  listed above. Equation (3.10) 
does no t  i n d i c a t e  f u l l y  coupled motions and should be 
viewed as a convenience. Orthogonali ty r e s u l t s  
subsequently derived from (3.10), combining to r s ion  and 
o the r  displacement modes i n  one expression,  are not  
t o  be construed as being f o r  f u l l y  coupled motions, 
and apply to uncoupled t o r s i o n  modes, as j u s t i f i e d  
above. (The or thogona l i ty  condi t ion can be broken up 
i n t o  terms only involving to r s ion  modes, and terms 
only involving v e r t i c a l  and inplane modes, to i n d i c a t e  
e x p l i c i t l y  t he  uncoupled charac te r  of the t o r s ion  mode. 
This is  no t  done i n  t h e  l a r g e  body of t e x t  because 
no advantage de r ives  from doing so f o r  t h e  presen t  
exposi t ion.  Computational e f f i c i ency  could be improved, 
on the  o the r  hand, by d i s t inguish ing  the uncoupled 
charac te r  of the t o r s i o n  mode, as dlscu-sed sub- 
sequently.  ) 
3 . 1  Boundary Conditions 
-
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Equation (3.5) y i e lds  displacement derivatives as 
functions of structural moments. 
A t  the hinge, including root springs, w e  have 
5 c\ = p p,, (3.13) 
Substitution of (3.13) and (3 .14)  i n  (3.11) and (3 .12) ,  
respectively,  y i e lds  
where a is the matrix 
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For subsequent substitution of the bunda~;  conditions, wo 
note that A of  (3.10) also is 
boploying (3.16) we obtain 
This i s  rewritten as 
( A x  "),: 3 
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with 7- 
I) ' O 1 ,!cFPF ) XI, 
A t  the t i p ,  60 = S M ~ , =  &bf2 = 0  and from (3.11) and (3.12), 
we f ind p '=  w" = v = 0. Also,  shears, - 6 ~ ~ '  - 0 
a t  the t i p .  Diff e r a t i a t i o n  o f  (3.12) then y i e l d s  w "' = 
" / / t  
= 0, a t  the t i p .  Using (3.6)  w e  can stat€. the 
boundary conditions in terms of  8,, wl, vl. 
with a defined by (3.17) . Frau t h i s  l a s t  equation we obtain 
with 
and A defined by (3 .10) .  
- SA 29 REV 0 
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3.2 Orthogonality of Hods8 
For a system i n  f r e e  v ib ra t ion  a t  frequencyW, (3.10) 
becomes 
To e s t a b l i s h  or thogonal i ty  of modes we eva lua te  the 
work done by a mode X i  with f requencydl ,  i n  a v i r t u a l  
displacement X j .  To ev l u a t e  the work quant i ty ,  we 9 premultiply (3.21) by x, and i n t e g r a t e  from hinge to 
t i p .  We ob ta in  
In tegra t ion  by p a r t s  twice of the f i r s t  term y i e l d s  
d ?, 
Invoking boundary condi t ions  (3.20) w e  are l e i  t with  
Again, from (3.20) 
and (3.24) becomes 
U 
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Integrat ion by parts of the second term i n  (3.22) 
y i e l d s  
j n  view of boundary condit ions  (3.20) and the  fact t h a t  
T = 0 a t x o  = R1, we f i n d  B = 0 a t x ,  = R1 and (3.27)  
becomes 
(3.28) 
The boundary condit ions  ( 3.20 y i e l d  
(3.29) 
and (3.28) hcomeu 
Equation (3.22) for the virtual work becomes 
U 
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Simi la r ly  t h e  work done by t h e  fo rces  of  t h e  j-th mode 
i n  t h e  i - t h  v i r t u a l  displacement is 
where y is the  frequency of t h e  j-th p. A t  t h i s  
po in t  we note  that products l i k e  x T " ~ x  are scalars. 
The value of t h e  product is unchanged ay taking its 
transpose. Thus 
Since matrices A,  B, C, D are symmetric 
and it: follows 
Taking the  transpose of (3.32) and using (3.35) and 
s i m i l a r l y  t r e a t i n g  o the r  tenns i n  (3.32) and sub- 
t r a c t i n g  t h e  t ranspose of (3.32) from (3.31) we are 
l e f t  with 
I f  eigenvalues ana  e igenvectors  are real and d i s t i n c t  
t h i s  requi res  
SA 2 9  R E V  D 
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This is the statement of  the orthogonality condition 
of the (normal) modes and it applies to the coupled 
system (torsion is uncoupled) with or without root 
springs. Expanding (3.37) we find 
For the rotated system of axes of Figure 3 defined by 
the transformation 
r A  29 REV D 
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F i g u r e  3 .  Rotated Axes Defining Elast ic  Center 
Displacement i n  Coupled Modes A M ~ Y S ~ S .  
rSA 2 9  R E V  D 
w e  f i n d  
Equation (3.37) becomes 
i, ' ' rn  [( k,, 1 c R , J a ) ~ i ~ ,  + 41; A, .  + A,.] 6,. J J J 
Equation (3.44) shows t h a t  the form of o r thogona l i ty  
condi t ion (3.38) is unchanged under ro t a t i on .  Equation 
(3.44) is t h e  form used i n  t he  coupled modes module. 
3.3 Rea l i ty  of Eigenvalues and Eigenvectors 
The assumption t h a t  eigenvectors 5 and eigenvalues d a r e  
real is  proved below. I t  is r e c a l l e d  t h a t  this 
was used to  prove or thogonal i ty  of modes. Denote A =  - 
Denote complex ovnjugates by an overbar. Equation (3.21) 
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Premult iply the f i r s t  equat ion by x and i n t e g r a t e  from 
0 R1. We o b t a i n  
Invoking boundary condi t ions  as we d i d  to  d e r i v e  (3.31) 
and not ing t h a t  boundary condi t ions  are r e a l ,  we f i n d  
(3.48) 
S imi la r ly  a p r emul t i p l i c a t i on  of (3.46) by xT y i e l d s  
I n  a s i m i l a r  way to the d e r i v a t i o n  of (3.35) we f i n d  
Taking the t r anspose  of the t e r m s  i n  (3 .491,  using (3.50) 
and s i m i l a r l y  t r e a t i n g  o t h e r  terms, and sub t r ac t i ng  t h e  
t ranspose  of (3.49) from (3.48),  we o b t a i n  
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The i n t e g r a l  is no t  zero i n  general  and consequently 
which proves the  r e a l i t y  of t h e  eigenvalues. Since 
matrices A,  B, C ,  D are real i n  (3.45), the  subs t i tu -  
t i o n  of a real eigenvalue i n  (3.45) can only y i e l d  real 
eigenvectors,  T h i s  shows t h a t  eigenvectors are real. 
3.4 Derivation of the Modal Equation 
I n  this sec t ion  we i l l u s t r a t e  the procedure for der iv ing  
t h e  modal equations,  which are s i n g l e  degree of freedom 
uncoupled d i f f e r e n t i a l  equz-tions, from %e set of coupled 
d i f f e r e n t i a l  equat ions  (3.10) , by invoking or thogona l i ty  
condi t ion (3.37) . The  procedure is the  basis of the 
later treatment of the response equations whose purpose 
is  to generate  approximately uncoupled modal equat ions  
and thereby faci l i tate and s t a b i l i z e  the i n t e g r a t i o n  
with time of system response. 
Express t he  displacement i n  (3,101 as a sum over the 
number of modes of modal vec tors  X i  mul t ip l ied  by modal 
amplitudes q i .  
I t  is convenient to use t he  summation convention to 
con t r ac t  t h e  algebra.  
The appearance of a repeated subsc r ip t  w i l l  a lways imply 
sunuuation on that subscr ip t  i n  t h i s  r e p o r t  and t h i s  
convention is extensively  employed. We recall t h a t  here  
x i  is  a 3 component vector  and q i  i s  a scalar. 
S u i a t i t u t e  (3.54) i n  (3.10, pramult iply by x; and 
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i n  v i w  of  ( 3 . 3 7 )  , oquation ( 3.59) La the d e a i r d  uncoupled 




I f  equation (3.10) had been 
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where F is a 3 component vec tor  represent ing a d d i t i o n a l  
forces, l i k e  aerodynamic forces ,  the  modal equation wu.3 
become 
Our approach to t h e  equat ions  to be used to f ind  t h e  
response of t h e  r o t o r  is based on t h e  ob jec t ive  of c r ea t ing  
a form very s imi l a r  to (3.62) . This is t h e  guiding 
p r inc ip l e  of the subsequent der iva t ion .  Af te r  modal 
responses a r e  known, physical  displacements, v e l o c i t i e s ,  
and acce le ra t ion8  de r ive  from equations similar to (3.54). 
3.5 Comparison of Mcdal Equations 
We show here  that the  set of modal equations of t h e  sub jec t  
method includes  the f l a p  and lead angle  equations of 
Reference (1). Consequently, it is  not  necessary to 
de r ive  s epa ra t e  equations expressing the equi l ibr ium 
of hinge moments ( t he  f l a p  and lead angle  equations of 
Reference (1) ) ,  as w a s  done i n  Reference (1). 
Consider a ( f i r s t )  mode which is e s s e n t i a l l y  a r i g i d  body 
mode. The eigenvector of modal displacements is 
following normalization t o  Bpl = 1. The f l a p  angle  i 8  
l J  Sikorsky Qircraft -- - -0 --7 -A- 
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(repeated s u f f i x  i n d i c a t e s  s u m a t i o n  on i over t h e  modes). 
Flapping p a r t i c i p a t i o n  is small i n  t he  o the r  modes and it 
follows 
and s u b s t i t u t i o n  of (3.65) and (3.67) i n  (3.62) y i e l d s  
= blade moment of i n e r t i a .  
This equation e s s e n t i a l l y  dupl ica tes  t h e  f l a p  angle  equa- 
t i on ,  1-91 of Reference (1). I t  may be shown s i m i l a r l y  
t h a t  the  lead angle  equation,  1-96 of Reference (1) , 
is e s s e n t i a l l y  dupl icated by a m e m b e r  of (3.62) . Thus it is 
not necessary to  de r ive  separa te  equations expressing the  
equil ibrium of hinge loments, c o r r e s p o ~ d i n g  to  t h e  f l a p  
and lead angle equations of Reference (1). 
3 0 
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4. General Features  of Modal Equation f o r  Multi-Blade 
Rotor ~ v s t e m  
We discuss  here  g e ~ s r a l  f e a t u r e s  of t he  blade modal 
equation a p ~ l i c a b l e  to  the multi-blade r o t o r  system, both 
t o  summarize our  approach and to organize subsequent 
chapters ,  which are directed to the eva lua t ion  of terms 
i n  this general  modal equation. 
The d i f f e r e n t i a l  equation r a t i s f i e d  by the motion of each 
blade of the  mult i-blade r o t o r  is assumed to be 
T h i s  equation may be v e r i f i e d  f o r  the multi-blade r o t o r  
by i s o l a t i o n  of terms on t h e  l e f t - s i d e  from the loading 
equil ibrium equation e s t ab l i shed  i n  subsequent chapters.  
The terms on t h e  l e f t - s i d e  are f i r s t  order  s t r u c t u r a l ,  
i n e r t i a l ,  and c e n t r i f u g a l  terms that would occur a l s o  
f o r  a motion of the system i n  free vibra t ion ,  considered 
i n  Chapter 3, and presented i n  (3.10) . As a r e s u l t ,  
these k t m a  w i l l  e x h i b i t  the des i r ed  or thogona l i ty  
p rope r t i e s  e s t ab l i shed  f o r  the modes of  f r e e  v ibra t ion ,  
enabling us  to fonn a &a1 equation l i k e  (3.62). The  
terms on the r i g h t  r i d e  o' (4.1) contain  a l l  ternrs except 
those  on the left-ride. TMse terms include aerodynanic 
and concentr&ted appl ied l o a d s , l i k e  those due to the lag 
damper and i n e r t i a l  loads , includfng C o r i o l i r  terms and 
terme a r i s i n g  frara nu88 unbalance and non-coincidence of 
elastic cen t ro id  aad elastic ax is .  
As a preliminary to the de r iva t ion  of t h e  equat ion of 
motion i n  modal coordinates ,  we state that a mode of 
f r e e  v ib ra t ion  s a t i s f i e s  
which is  (3.21) . 
The d i f f e r e n t  u a s c r i p t s  on the matr ices  i n  (4 .1 )  and (4 .2)  
d i s t i ngu i sh  d i f f e r e n t  p i t c h  angles.  Subscr ipt  1 s i g n i f i e s  
t h a t  the argumcnt angle  i n  A 1 ,  , Cl and Dl ( B 1  and D1 
are not  function. of p i t c h  angles) is 
w i t h  
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The ang le  t? , is t h e  r e s u l t a n t  l o c a l  p i t c h ,  summed from 
t h e  c o l l e c t f v e  p i t c h  i n p u t ,  t9 j /qRt  and b u i l t - i n  t w i s t ,  eg. 
The ang le  Qt  is a t h e  dependent c o n t r i b u t i o n  t o  p i t c h  
a n g l e  a r i s i n g  from c y c l i c  c o n t r o l  i n p u t ,  and p i t c h - f l a p  
and p i t ch - l ag  coupl ings ,  such as w i l l  be d e f i n e d  i n  a 
subsequent  chap te r .  
The s u b s c r i p t  2 i n  (4 .2 )  s i g n i f i e s  t h a t  t h e  argument 
a n g l e  i n  matrices A B2, C 2 ,  and D2, is t h e  p i t c h  ang le  
used t o  f i n d  t h e  mo a t  e a  of f r e e  v i b r a t i o n ,  which w e  s h a l l  
d e s i g n a t e  @,*. (The ang le  P i n  (3.21) ) . 
The d i s t i n c t i o n  between t h e  p i t c h  d i s t r i b u t i o n  used to 
f i n d  t h e  response  of the mul t i -b lade  r o t o r  and the p i t c h  
d i s t r i b u t i o n  used to f i n d  t h e  modes of freg- v i b r a t i o n  is 
necessary  because t h e s e  d i s t r i b u t i o n s  are d i f f e r e n t ,  i n  
genera l .  When c y c l i c  i n p u t s  and p i t c h - f l a p  and p i t c h - l a g  
coupl ings  occur  0 cannot  be the same as QB* owing to t h e  
f a c t  t h a t  0 embodies a time-depefident component 8 
while  6 * is t h e - i n v a r i a n t .  Even i n  t h e  case of  no 
c y c l i c  Bnputs and no p i t c h  coupl ings ,  a r e q u i r e m e n t v  = B 
would lead to a recall of t h e  n a t u r a l  frequency c a l c u l a -  
t i o n  module w e n e v e r  c o l l e c t i v e  a n g l e  Q3 4R changes (such 
as i n  a "major i t e r a t i o n q t ) ,  adverse ly  i n  6 r e a s i n g  program 
execu t ion  time. To avoid  t h e  c a l c u l a t i o n  of normal modes 
whenever e3/4R is changed, and to dllow f o r  time-dependent 
d i f f e r e n c e s  between 6 and &*, t h e  approach w i l l  be m 
d i s t i n g u i s h  between B a n d  GB* and p roper ly  correct f o r  
t h e  e f f e c t s  of these d i f f e r e n c e s .  I t  w i l l  be seen  that 
t h e  n a t u r e  of the c o r r e c t i o n  is an a d d i t i o n  to t h e  s t i f f -  
ness  ( o r  frequency) of t h e  n a t u r a l  mode, account ing  f o r  
p i t c h  d i f f e r e n c e s .  I t  is assumed t h a t  t h e  normal mode 
shapes are t h e  same a t  0 and T h i s  assumptjon is 
wnbodiw i n  (4 .5 ) ,  g iven  
Proceeding sow t o  d e r i v e  t h e  modal equa t ion ,  w e  fo l low 
t h e  step.3 of  S e c t i o n  (3 .4) .  We express  t h e  displacsnrent 
vector  xT = Qe, w1, v1 as 
(see equaticns 3 . 5 3 )  and ( 3 . 5 4 )  1 ,  premv.l.t'ply ( 4 . 1 )  
and ( 4 . 2 )  by x i c t e g r a t e  t h e i r  terms from 0 to r~ 
and subtract  t i e  resulting i n t e g r a l s .  We obtain  
a f t e r  s u b s t i t u t i n g  Bl = B2, Dl = D2. Equation 14.6) i s  
re-written 
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Equation ( 4 .7 )  is the same as (3.62) except  f o r  t h e  
occurrence of t h e  a d d i t i o n a l  s t i f f n e s s  t e r m p j i .  I n  
view of t h e  o r thogona l i ty  proper ty  of a j i ,  descr ibed i n  
(3.60) , we can aver that with,U . and Q - excluded, equat ion 
(4 .7 ,  would be an uncoupled s i n d i e  degr&e of freedom modal 
equation.  The tems/cr j i  amd Qj couple t h e  set of equat ions  
( 4 .7 )  . An important  assumption f o r  t h e  success of t h e  
time i n t e g r a t i o n  of t h e  motion is t h a t  t he se  couplings 
are always s u f f i c i e n t l y  weak t o  permit  t h e  ger'eralized 
nass ,  a j i ,  and s t i f f n e s s ,  t o  dominate t h e  motion i n  
aoaal c o ~ r d i n a t e s ,  q i ,  and :e to preserve  e s s e n t i a l l y  
t h e  uncoupled cha rac t e r  of ( 4 . 7 )  . 
The i n t e r p r e t a t i o n  of bji is t h a t  t h i s  i s  a c o r r e c t i o n  t o  
t h e  s t i f f n e s s  b of t h e  coupled modes of v ib r a t i on ,  which ii accounts f o r  d i  ferer.ces i n  s t r u c t u r a l  and c e n t r i f u g a l  
s t i f f n e s s e s  corrasponding,to the a c t u a l  p i t c h  0 and t h a t  
used t o  f i n d  t h e  modes, @ B .  These i n t e r p r e t a t i o n s  a r e  
ampl i f ied  i n  a subsequent s e c t i o n  of t h i s  chap te r ,  where 
Pji is a l s o  reduced to working form. 
To use ( 4 . 7 )  i n  our  i n t e g r a t i o a  of tlhe motion, w e  t u r n  it 
i n t o  an equat ion i n  qi, Qi, and Gi by express ing i n  Qj  
displacements,  v e l o c i t i e s ,  and a c c e l e r a t i o n s  a s  modal 
sums. Typical ly ,  f l a p  angle  is  B =  Aiqi and v e r t i c a l  
elastic displacement is  w = wiqi.  Next, (4 .7 )  is 
re-arranged t o  p lace  modal a c c e l e r a t i o n ,  qi, on one s i d z  
and mode' amplitude, q i ,  and v e l o c i t i e s ,  q i ,  on t h e  o t h e r  
s i d e ,  and t h i s  form combined wi th  t ime- in tegra t ions  y i e l d s  
t h e  h i s t o r y  of motion. 
To e f f e c t  a form of ( 4 .7 )  with  a l l  terms involving q on 
one s i d e ,  genera l ized fo r ce  Q j  is  broken i n t o  i n e r t i a l ,  
aerodynamic, and po in t  loads  components. The point loads  
are loads  induced, f o r  example, by t h e  l a g  damper. With 
D ,  A, P denoting i n e r t i a l ,  aerodynamic and po in t  load 
fo r ce s  t h i s  y i e l d s  
The only a d d i t i o n a l  source of modal a cce l e r a t i on  terms, 
e x p l i c i t l y  occurr ing i n  t h e  modal equation,  is  qjD. 
For example, terms involving can c o m e  from mass 
unbalance. The r e s idue  of Qja a f i e r  it i s  deprived of 




U Sikorsky Qircraft w-- - "--. ---T --  REPORT NO. SER-50912 
O R  (I) cz). - ( 3 )  - .  
- 5;/< yk (4.13) 
( 2  1 where s j i ' ) ,  s i k  ! S j k  ( 3 )  are a c c e l e r a t i o n  c o e f f i c i e n t s  
d e r i v i n g  from o r s i o n ,  f l a t w i s e ,  and edgewise equa t ions  
r e s p e c t i v e l y ,  expla ined subsequent ly  i n  this chap te r .  
Replacing t h e  dummy s u b s c r i p t  i by k i n  (4.71, w e  re-express  
(4.7) as 
L e t t i n g  M = number of  modes, and 
t h e  mat r ix  e q u i v a l e n t  to  (4.14) reduces  to  
and t h i s  is the d e s i r e d  form for  the modal a c c e l e r a t i o n .  I n  
keeping wi th  t h e  expected essential uncoupled c h a r r e t a r  of 
( 4 . 7 ) ,  matr ix  S f  al though f u l l y  populated,  w i l l  be 
d iagona l ly  dominant. 
, r SA 2 9  R E V  0 
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Modal v e l o c i t i e s  and ampli tudes d e r i v e  r e s p e c t i v e l y  from 
User ex2er ience  wi th  r o t o r  response  equa t ions  employing 
uncoupled modes sugges t s  t h a t  (4.22) is supe r io r  t o  a 
Taylor  series, and t h i s  i s  Lhe j u s t i f i c a t i o n  f o r  i ts  use  
here.  
Equation (4.20) is the t a r g e t  of t h e  subsequent t e x t  which 
seeks  to d e r i v e  S and T i n  (4.20) , and which is organized 
i n  an  o rde r l y  manner m do this. 
General Expressions f o r  General ized Forces 
To a i d  the r a t i o n a l  o rgan i za t i on  of the work r equ i r ed  t o  
form the elements  of t h e  modal a c c e l e r a t i o n  equat ion,  
(4.20),  it is  of va lue  t o  break t h e  genera l i zed  f o r c e  
i n t o  terms of d i s t i n c t  type ,  namely i n e r t i a l ,  aerodynamic, 
and concentra ted  load. Th is  s e c t i o n  llsts t h e  conventions 
used subsequently to d e f i n e  the components of  genera l i zed  
force .  
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11) is t h e  work done by t o r s i o n  moments (pe r  u n i t  Element Q3 
l eng th  of  blade) moving through t h e  t o r s i o n a l  component 
of  v i r t u a l  displacement,  @j , of t h e  j- th mode. S i m i l a r l y  
p j 2 )  and p j3 )  are t h e  works done by v e r t i c a l  and i np l ane  
f o r c e s  pe r  u n i t  l eng th  moving through v e r t i c a l  and i np l ane  
lacements,  wid, 
and 
, of the j-th mode. Element  
:ffP may be thoug t of as genera l i zed  t o r  n moment 
t 839 app l i ed  t o  t h e  e n t i r e  b lade ,  and Q 2 )  and Q are genera l i zed  hinge moments. I t  i s  recalled t h a  t he  fo r&es  F1, F2, P) 
embody i n e r t i a l  f o r c e s  i n  a d d i t i o n  to aerodynamic and 
concentra ted  loads f o r c e s ,  and these f o r c e s  a r e  no t  t o  be 
construed as only  of e x t e r n a l  o r i g i n .  
Decompositicn of f o r c e s  i n t o  f r ~ e r t i a l ,  aerodynamic and 
concentra ted  load components is  e f f e c t e d  by t h e  fo l lowing 
d e f i n i t i o n s ,  
Supe r sc r i p t s  3, A, and P de s igna t e  terms of i n e r t i a l ,  
aerodynamic, and concentra ted  load o r i g i n ,  r e spec t i ve ly .  
The genera l i zed  f o r c e  components may then be w r i t t e n  
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where 
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The i n t e r p r e t a t i o n  of a t y p i c a l  term is t h a t  Q a D Z  
i s  t h e  cont r ibu t ion  to t h e  enera l ized  f o r c e  b# the  
v e r t i c a l  i n e r t i a l  loads ,  F#, moving through the  v e r t i c a l  
d i g  lacement compone~t,  w l a !  of t he  j-th mode. The term 
Q.H' is a similar contr ibu Lon der iving from aerodynamic 
f k c e s .  
I n  view of (4.121, (4.25) and (4.32) to (4.34) w e  may 
express  i n e r t i a l ,  aerodynamic, and po in t  loads  contribu- 
t i o n s  to  general ized f o r c e  Qj as sums of cont r ibu t ions  
from to r s ion ,  v e r t i c a l ,  and inplane forces ,  
The res idues  of qjD1, Q D2, and pjD3 a f t e r  t h e  
deprived of modal a c c e d r a t i o n s  are w r i t t e n  Qj I 
and Qj D3*, and t h e  i n e r t i a l  general ized fo rces  may 
w r i t t e n  
(2 )  8 awr fror these d e f i e t i o n r s  that sj:' , 8 . k  , end :tzt are acce l e ra t i on  coeff i c i e n t r  whose sourced are 
d r s i o n ,  v e r t i c a l ,  and inplane forces ,  FID, P ~ D ,  F ~ ~ ,  
respect ively .  The repeated s u f f i x  k i n d i c a t e s  summation 
on the  number of modes. Defining 
39 
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and s u b s t i t u t i n g  (4.39) t o  (4 .41)  i n  (4.36) , w e  ob ta in  
which is (4.13). 
Because the fo rces  F1, F2, and F3 conthin a l a r g e  number 
of terms, which w i l l  appear i n  subsequent development, 
reduct ion of execution time becomes a worthwhile goal .  
Such a reduct ion can be achieved by d i s t inguish ing  t h e  
uncoupled charac te r  of t h e  t o r s ion  mode, i n  t he  formation 
of general ized fo rce  Qj. Recognizing t h a t  
f o r  a t o r s i o n  mode, and 
f o r  a coupled flatwise-edgewise mode, w e  i n d i c a t e  a means 
f o r  e f f e c t i n g  a reduct ion of computational e f f o r t  needed 
to form Qj. 
4.2 Correction t o  Modal Frequency to Account f o r  P i t c h  
g f f e r e n c e s  
I n  Section 4.0 we showed t h a t  a cons i s t en t  de r iva t ion  of 
t h e  modal equation,  employing coupled assumed modes 
calculated f o r  a p i tuh  d i s t r f b u t i o n Q ~ ,  gave rise to a 
co r rec t ion  ,44 jk to the modal stiffnoas b .k to account for 
t h e  change i n  p i t c h  to  6 during the  m t i d n .  This  co r r ec t ion  
may be viewed a l s o  as a modal frequency cor rec t ion .  This  
s ec t ion  descr ibes  t h e  de r iva t ion  of t h e  working form o f r j k .  
The expression fo r / . b ,  equation (4 .10 )  , i s  t h e  s t a r t i n g  
po in t  f o r  t h e  derivaglon of t h e  working f o m .  
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Using identities EX = E I l ,  EX, = EX2, kz10 k2, ky10 = kit 
w e  obtain f r o m  ( 3 . 1 6 )  
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By means of  (3 .24)  we can ahow 
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From (3.19) 
where Band 8 s i g n i f y  f l a p  and lag  angles  (replacing the  
notation AF and OD o f  Chapter 3)  . Equation (4.51) becomes 
With 
equation (4.54) reduces to 
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w i t h  
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The i n t e g r a l  i n  ( 4 . 5 6 )  is 
The second term i n  ( 4 . 4 6 )  is 
S u b a t i t u t i o n  o f  ( 4 . 5 6 )  to ( 4 . 5 9 )  i n  ( 4 . 4 6 )  yields t h e  




From a c o m p ~ t a t i o n a l  v i e w p o i n t ,  ( 4 . 5 8 )  and  ( 4 . 5 9 )  a r e  n o t  
e f f i c i e n t  because  t h e  p r e s e n c e  o f  a t ime-dependent  p a r t  Gt 
i n  C) ( = PC + 4) would r e q u i r e  t h e s e  b l a d e  i n t e g r a t i o n s  
to be performed a t  each  inc remen t  o f  t i m e  o f  t h e  motion.  
T o  p e r m i t  employment o f  a more e f f i c i e n t  c a l c u l a t i o n  o f A j k ,  
i n t e g r a l s  a r e  deve loped  below, independen t  o f  t i m e ,  and 
which need t o  be  e v a l u a t e d  o n l y  once  b e f o r e  t h e  motioi~ is  
c a l c u l a t e d .  
Express ing  
w e  assume Ot to  b e  small, s p e c i f i c a l l y  of the o r d e r  o f  
the s m a l l  q u a n t i t i e s ,  l i k e  c .g .  o f f s e t ,  and s e c t i o n  r a d i i  
o f  g y r a t i o n ,  and w e  n e g l e c t  h igh  o r d e r  terms c o n t r i b u t e d  
by P ~ k q $  to  the modal e q u a t i o n  o f  m ~ t i o n .  T o  e x p l o i t  
the i f  e r e n t  o r d e r s  o f  app rox ima t ions  assumed f o r  t h e  
t o r s i o n  l o a d i n g  e q u i l i b r i u m  e q u a t i o n  i n  comparison w i t h  
&he f l a tw i se -edgewise  l o a d i n g  e q u i l i b r i u m  e q u a t i o n s ,  w e  
r e c o g n i z e  t h a t  the uncoupled c h a r a c t e r  o f  t h e  t o r s i o n  mode 
transforms t h e s e  app rox ima t ions  i n t o  e q u i v a l e n t  
approximat ions  i n  the modal space .  I n  the t o r s i o n  modal 
e q u a t i o n  
(, 1 
4 5  
-
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we n e g l e c t  t h i r d  order products  involving elastic v a r i a b l e s ,  
and f o u r t h  order products  of smal l  u a n t i t i e s  i n , U S k q k  
fo l lowing t h e  expaneion 0 = Qc + gt. The flatwide-edge- 
wise  modal equa t ion  
i a  approximated to exclude  second o r d e r  products  of 
elastic v a r i a b l e s ,  and th i rd  o r d e r  products  of  s m a l l  
q u a n t i t i e s ,  where it is understood that aik, bl*, and Bjk 
apply  f o r  a ze ro  t o r s i o n  component oj i n  e f atwise- 
edgewise mode, j. 
The r e s u l t  of t h e s e  approxhnations is 
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Coef f i c i en t s  (allf), to  are equal  to  (4.57) wi th  Bc 
s u b s t i t u t e d  f o r  0 ,  and (a  *) to ( a 2 2 * ) ~  are equal  t o  
( aall*/dEo Gc, arc. ~ i b m & i x  1 4 . 1  conthins  t h e  e x p l i c i t  
expressions f o r  the  lat ter  coe f f i c i en t s .  
Recognizing t h a t  (Ax")"  are the i n t e r n a l  r e s i s t i n g  loads  
dce t o  v e r t i c a l  and inplane bending, t he  f i r s t  term i n  
(4.46) cont r ibu t ing  t o p j k  is seen to be a co r r ec t ion  to  
t h e  nodal s t i f f n e s s ,  i i n  (4.7) ) ,  f o r  d i f f e r ences  
i n  bending e a c t u a l  p i tch ,  0 , and t h e  
p i tch ,  oB*, used to  f ind  the  normal modes. Equations (4.56) 
and (4.58) show e x p l i c i t l y  the  e f f e c t s  of p i t c h  d i f f e r ences  
on +he bending s t i f f n e s s  cor rec t ion ,  p j k .  Equation (4.59) 
show3 t h a t  t h e  second term i n  (4.46) s u n i l a r l y  corrects f o r  
the ui f fe rence  between c e n t r i f u g a l  s t i f f e n i n g s  i n  pi tch.  
4.3 Addition of S t r l i c tu ra l  Damping to the Modal Equation 
To represen t  t h e  e f f e c t s  of s t r u c t u r a l  damping i n  any mode, 
modal equation (4 .7 )  is replaced by the equation 
C = s t r u c t u r a l  damping coefficient 
W e  8how below t h a t  t h i s  form has t he  des i red  p rope r t i e s  of 
s t r u c t u r a l  damping. F i r s t  it is  emphasized t h a t  9, w, v 
are elastic displacements and, consequently are neg l ig ib l e  
i n  essent ia l .  r i g i d  body motions, e '"her pi tching,  fa. pping, 
or leading,  with t he  r e a u l t  t h a t  .- . is neg l ig ib l e  i n  
e s s e n t i a l  r i g i d  body modes of b k i i  .notion and the  s t r u c t u r a l  
damping c c r r e c t l y  disappears f o r  such motions. I n  e s s e n t i a l  
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t ak ing  i n t o  account  t h e  express ions  f o r  4, w 1  and v l  i n  
(3 .6 )  . I n  t h e  f r e e  v i b r a t i o n  of such an  e s s e n t i a l  elastic 
mode, (4.69) reduces t o  t h e  s i n g l e  degree  of  freedom 
equa t ion  
i n  view of t h e  p r o p e r t i e s  of ajk, (3 .601 ,  and the damping 
term is t h e  convent ional  v i scous  damping e q u i v a l e n t  t o  
s t r u c t u r a l  damping, thereby j u s t i f y i n g  t h e  term 2ccjkqk 
i n  (4.69) . 
A more t r a c t a b l e  form f o r  the damping t e r m  is one employing 
t h e  c r i t i c a l  damping r a t i o  g* (twice t h e  va lue  of  c / c c ~ I ~ ) ,  
and ( 4.69) becomes 
49 
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N o  provis ion is made i n  t he  program f o r  input  of d i f f e r e n t  
modal damping ratios, and only one va lue  of g* may be 
loaded to  rrrpresent a l l  modes. 
With s t r u c t u r a l  damping included element t j  i n  (4.16) 
becomes 
and t h i s  i s  the  cu r r en t  form i n  t he  program. 
4.4 Organization of Subsequent Chapters 
The subsequent t e x t  is d i r e c t e d  to the f inding of t h e  S 
and T matrices i n  ( 4 . 20 ) ,  and t h i s  s ec t ion  descr ibes  the 
organizat ion of this work. 
W e  have a l ready found cont r ibu t ions  a j k ,  2 and/-k to 
the elements s and t j  of the s and T ma ices. Isjk is def ined i n  ?%.15) and t .  is defined i n  (4.77) ) .  The 
r a i n i n g  e f f o r t  aims a t  fdrming Q, which w i l l  complete the 
S j k  and t j  coe f f i c i en t s .  
The f i r s t  s t e p  taken is t h e  s e l e c t i o n  of t he  general ized 
coordinates  appearing i n  t h e  equation of motion i n  physical  
space, (4 .1 )  . Tlrese general ized coordinates  are t h e  
t r a n s l a t i o n s  and r o t a t i o n s  of rectangular  axes def in ing  the  
displacement of a po in t  on the blade. A chapter  is allocated 
t o  t h e  d e f i n i t i o n s  of rectangular  axes. 
This is followed by a chapter  y ie ld ing  genera l  express ions  
f o r  the  general ized f o r c e s  i n  physical  space, F1,  F2, and 
F3 required f o r  t he  formation of the generalized fo rce  i n  
modal space, Q j  ( (4.23) o r  (4 .24)  ) . These genera l  
expressions f o r  F1, F2, and Fg involve blade element loads ,  
which subsequent chapte rs  are dedicated to  f inding.  
Applications of rec tangula r  a x i s  transformations def ined 
i n  Chapter (5) come i n t o  play here  to ca l cu l a t e  bending 
s t r a i n s  and bending r eac t ion  loads en te r ing  moment and 
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loading equi l ibr ium equations. This ground is covered both 
to  e s t a b l i s h  PI, F and F3 and to emphasize t h a t  t h e  scope 
of the  ana lys i s  em g races l a r g e  p i t c h  angle and t w i s t  
rate terms without r e s t r i c t i o n s .  
D i s t i n c t  chapte rs  are a l loca t ed  to the  formation of 
i n e r t i a l ,  Q?, aerodynamic. 9, and po in t  loads genera l ized  
forces .  QY. 
To de r ive  pj3, rectangular  a x i s  transformations are used 
again  success ively  to  de r ive  blade acce l e ra t i ons  and these  
y i e l d  i n e r t i a l  loads  f o r  s u b s t i t ~ t i o n  i n  the F ~ ~ ,  F ~ and
F ~ D  expressions.  
W e  then de r ive  aerodynamic f=?r~..s and r l a t i v e  flow v e l o c i t i e s  
on which these  fo rces  depend to  form Q ', and t h i s  is 
fo lowed by formation of a e  po in t  loads general ized f o r c e  $ Qj 
5 1 
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5. Rec tangular  Axes Def in ing  B l a d e  Displacement  
W e  d e f i n e  h e r e  t h e  r e c t a n g u l a z  axes  employed f o r  the 
d e s c r i p t i o n  o f  t h e  disp:acement of a p o i n t  o n  t h e  rotor 
blade, i n c l u d i n g  elastic de fo rma t ion .  Clear d e f i n i t i o n s  
o f  t h e s e  axes  are i m p o r t a n t  because  t h e  a x i s  t ransforma-  
t i o n s ,  compr is ing  l i n e a r  d i sp l acemen t s  and r o t a t i c n s  , are 
t h e  g e n e r a l i z e d  c o o r d i n a t e s  i n  t h e  e q u a t i o n s  of  motion i n  
p h y s i c a l  space .  
W e  restrict  t h e  t e x t  h e r e  to  t h e  d e s c r i p t i o n  o f  each  
i n d i v i d u a l  a x i s  which w e  d e f i n e  by means o f  a t ransforma-  
t i o n  m a t r i x  g i v i n g  t h e  p o s i t i o n  and o r i e n t a t i o n  of  t h e  
a x i s  i n  terms of  a p reced ing  a x i s .  S u c c e s s i v e  m u l t i p l i c a -  
t i o n s  o f  t r a n s f o r m a t i o n  matrices t o  o b t a i n  formulas  f o r  
d i sp l acemen t ,  a c c e l e r a t i o n ,  aerodynainic v e l o c i t i e s ,  and  
f o r c e  components o c c u r  i n  the t e x t  of c h a p t e r s  f o l l o w i n g  
t h i s  one.  
A comple te  d e s c r i p t i o n  is g i v e n  h e r e  o f  a l l  c o o r d i n a t e s  
needed i n  t h e  blade e q u a t i o n s  of  motion.  W e  do  n o t  describe 
t h e  s u p p o r t  sys tem g e n e r a l i z e d  c o o r d i n a t e s  used f o r  t h e  
rotor w i t h  grounded s u p p r t ,  or f o r  t h e  rotor coup led  to  a 
r i g i d  body i n  f r e e  f l i g h t  which are described a d e q u a t e l y  
i n  References  ( 3 ) and ( 2 1 ,  r e s p e c t i v e l y .  I t  is w e l l  
t o  unde r s t and  t h a t  t h e s e  c o o r d i n a t e s  t o g e t h e r  w i t h  t h e  
blade g e n e r a l i z e d  c o o r d i n a t e s  are t h e  comple te  set o f  
c o o r d i n a t e s  f o r  t h e  coupled  problem, and t h a t  t h e  p r e s e n t  
c h a p t e r  i s  i n s u f f i c i e n t  as a  d e s c r i p t L o n  of  the comple te  
se t  of g e n e r a l i z e d  c o o r d i n a t e s .  
Our b l a d e  c o o r d i n a t e s  resemble  c l o s e l y  t h o s e  used i n  t h e  
a n a l y s i s  o f  rotor b l a d e  r e sponse  employing uncoupled 
assumed modes (Refe rence  ( 1 ) . S i m i l a r i t i e s  and  
d i f f e r e n c e s  are p o i n t e d  out i n  t h e  t e x t .  
A s  a p z e l i m i n a r y ,  w e  n o t c  that a compact p r e s e n t a t i o n  of  
d e f i n i t i o n s  o f  r e c t a n g u l a r  a x e s  i s  a c h i e v e d  w i t h  m a t r i x  
n o t a t i o n .  A columil v e c t o r  o f  c o o r d i n a t e s  i s  expres sqd  - 
a s  a c a p i t a l  letter w i t h  a n  o v e r b a r .  For  example,  X = 
x,  y ,  z. T rans fo rcmt ion  inatrices r e l a t i n g  one  s e t  o f  
c o o r d i n a t e s  to  a n o t h e r  a r e  denoted  w i t h  c a p i t a i  A and  a r e  
s u b s c r i p t e d  to  show t h e  r o t a t i o n  a n g l e .  A t y p i c a l  r o t a t i o n  
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The  symbol A - & i n d i c a t e s  t h a t  t h e  r o t a t i o n  a n g l e  argument 
i s  - ,B.  The r e l a t i o n  A;' = A_& is exter is ive ly  used i n  
t h e  t e x t  of subsequent  c h a p t e r s ,  and t h e  s u b s c r i p t  n o t a t i o n  
is  va luab le  both f o r  s p e c i f i c n e s s  and f o r  e a s i l y  deter- 
mining t h e  i n v e r s e s  r equ i red  i n  t h e  d e r i v a t i o n .  A-example 
of a  t r ans fo rmat ion  d e f i n i n g  t h e  r e l a t i o n  betdeen X4 and 
- 
x r e c t a n g u l a r  axes  is 5 
which is  e q u i v a l e n t  to 
Axis D e f i n i t i o n s  
The u l t i m a t e  r e f e r e n c e  is the s t a t i o n a r y  i n e r t i a l  r e c t a n -  
g u l a r  coord ina te  a x i s ,  ?xxed t o  t h e  ground, whose v e c t o r  
of coord ina tes  is PI, Figr l re  4 .  Two d i f f e r e n t  s h a f t  
o r i e n t e d  axes a r e  used to t r e a t  r e s p e c t i v e l y  the r o t o r  
wi th  grounded suppor t ,  and r o t o r  coupled t o  a  r i g i d  body i n  
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Figure 4 .  Shaft-Oriented Axes for A M ~ ~ s ~ s  of Multi- 
Blade Rotor With Grounded Support. 
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- 1) Grounded Suppor t  S h a f t  Axes, X i  
Figure  4 i l l u s t r a t e s  t h e  s h a f t  axes  % used f o r  t h e  a n a l y s i s  
of t h e  mul t i -b l ade  r o t o r  wi th  grounded suppor t .  
system is  reached from one t r a n s l a t i o n  and t h r e e  
r o t a t i o n s  ys,  Os, 4;,, de f ined  by t h e  fo l lowing t r a n s f o r r a -  
t i o n s  
The El system is i d e n t i c a l  t o  the s h a f t  axes  o f  Reference  - 
( 1  ) .  Because t h e  hub is  g e n e r a l l y  a c c e l e r a t e d ,  XI is  n o t  
i n e r t i a l .  Angles es, yls are t h e  same as t h o s e  used 
i n  Reference ( 3 )  f o r  t h e  mul t i -b l ade  r o t o r  w i t h  grounded 
suppor t .  X 1s t h e  l o c a t i o n  of t h e  hub measured from t h e  
XI o r i g i n .  'Rotat ion t r ans fo rma t ions  A A _ & ,  A-ys are 
l i s t e d  i n  s e c t i o n  5.1,  as are t h e  other r o t a t i o n  t r a n s -  
format ions  g iven  below. 
- 
2 )  Rigid  Body i n  Free  F l i g h t  S h a f t  Axes,  s1 
C 
Figure  5 i l l u s t r a t e s  s h a f t  axes  & used f o r  the mul t i -b l ade  
r o t c r  coupled t o  a r i g i d  body i n  f r e e  f l i g h t .  One t r a n s -  
l a t i o n  and t h r e e  s u c c e s s i v e  r o t a t i o n s  y i e l d  
L SA 29 R E V  0 
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Figure 5. Shaft-Oriented Axes for Analysis of ~ulti- 
Blade Rotor Coupled to Rigid Body i n  
Free Flight. 
Figure 6 shows +he r e l a t i o n  between s h a f t  a x i s  F1 and 
s h a f t  a x i s  The same r e l a t i o n  app l i e s  between xi and 
.& In alge&aic terms 
Angles#,  e' ,  )u' def ining t h e  a l t i t u d e  of the  r i g i d  body a r e  
t he  same as those  of Reference ( 2 )  . 
- 
3 )  Rigid Blade Axes, X 1  to x6 
Figure 7 shows these  axes. They are described a s  r i g i d  
blade axes because they would y i e l d  t he  displacements of 
a po in t  on a r i g i d  blade involving azimuth, W , hinge 
o f f s e t ,  e, radial pos i t ion ,  r, and r i g i d  blade displacements 
6, 8, 6, only. These axes  are i d e n t i c a l  to  axes w i t h  t he  
same names used f o r  t he  r o t o r  response ana lys i s  employing 
uncoupled assumed modes of Reference (1). They super- 
impose displacements on those due to s h a f t  displacements 
and are defined by 
- 
(5.14) 
€ 1  
GRL)dNDED SUPPORT 
I N  FREE FLI c 
Figure 6 .  Relationship Between Shaft Axes Used f or  
Grounded Support and Rigid Body i n  Free 
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Fiqure 7. R i g i d  Blade Displacements for Multi-Blade 
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4) Blade Elastic ~ i s p l a c e m e n t s ,  z7 to Xl0 
F igu r s  8 shows the axes superposing elastic displacements  
on a l l  t h e  displacements descr ibed above. E l a s t $  d i s -  
placements a r e  = u*, v,, we o r  a l t e r n a t i v e s  W = 
u* , v, w ,and elastic w i ~ t  8*. Displacements v and we, 
or v and w, cause  angular  d e ~ o n u a t i o n s  of the bfadc Al  and 
A2 which are expressed i n  terns of ve and w o r  v and w 
e-T i n  s e c t i o n  5.2. I n  add i t i on  a displacement W 9 = 
vPf  w accompanies the elastic r o t a t i o n  O-of a ben t  e l a a t  c 
a h ,  as shown i n  s e c t i o n  5.3. These W d i s p l a m e n t s  
are shown i n  t h e  text of subsequent cha?ter.s to  be equa l  
i n  importance to terms due t o  w, v,  0, s l one  and are 
j u s t i f i a b l y  included.  
The f i r s t  d i f f e r e n c e  between t h e  axes  usad he re  and t hose  
used f o r  t h e  a n a l y s i s  of Reference (1) employing un- 
coupled assumed modes is  that t h e  new z7 a x i s  d i f f e r s  from 
the unoouplod modes a x i s  of Refarance (1) by a t r an s -  
l a t i o n  fig from t h e  Kg ,axis. The axes  are def ined by 
wi th  
Coordinates are p re f e r r ed  t o  iJ, f o r  t h e  f i n a l  equat ions .  
The lattex, it i s  reca?.led, were the elastic displacements  
of  Reference (1). Defining 
REPORT NO. SER-509 12 
Figure 8.  Blade Elastic Displacements for Multc-Blade 
Rotor Analysis. 
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where v and w are r l l u s t r a t e d  i n  Figure 8 and l e t t i n g  
we find from (5.18) t h a t  
and (5 .21)  may be replaced by 
5 . 1  L i s t  o f  Rotation Matrices 
L i s t e d  below are r o t a t i o n  matrices required i n  equations 
(5 .4 )  to (5.331, 
I Slkorsky Qircraft - - - REPORT NO. SER-50912 
(5.35) 
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Matrices A>?, A A l t  ABe resul t  from a -11 angle appro%-- 
t ions to angles A ~ ,  Be (Figure ( 8  ) ) such a s  was made 
i n  Reference (1 ) . 
5 . 2  Derivation of ~ n g l e s  A1 and A 2 
Figure 9 i l lus trates  angles Al and A 2 .  ~t is seen that 
From (5 .18) ,  ( 5 . 3 3 )  we find 
- 
X = A * ( % +  A.B [13,) t 2  
= A & ? ,  t $ + E  
- 
F 7  = A ( -3 - 3 ) 
Writing ( 5 . 5 3 )  out we find 
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Figure 9.  Derivation of Angles hl and A2. 
Figure 10. Zlementary Twisting Couple ~ c t i n g  on a 
Blade Element. 
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The changes  i n  x y and z for a variation such t h a t  
y and z l i e  on 4; elastic gis, are 
( 5 . 5 7 )  
I t  follows from ( 5 . 4 8 )  and ( 5 . 5 7 )  to ( 5 . 5 9 )  that 
From ( 5 . 2 2 )  
d ~ 7  -Y & 
- & L . ,  if:; ,,. & - 7 7  ) P ,  CL 
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I n  terms of t he  Ve and we coordinatem of Reference (1) 
these  r e s u l t s  are 
which agree wi th  (1.23) and (1.22) of Reference (1) 
5.3 Trans la t ion  Eg Accompanying E l a s t i c  Rotat ion Be 
I n  t h i s  sec- ion  we de r ive  t he  t r a n s l a t i o n  of a blade sec t ion  
located a t  xg = x accompanying elastic r o t a t i o n s  8, occurr ing 
a t  s t a t i o n s  r a d i a l l y  inboard of t h i s  sec t iod .  The t rans-  
l a t i o n  f t h e  outboard sec t ion  is represented a s  a displace-  
ment - W-' = 0, vg. wg of t he  o r i g i n  of t h e  z10 a x i s  from t h e  
X g  axi8,  (F igure  8 ) .  
To c a l c u l a t e  vg and wg, imagine t h e  blade to  be loaded by 
a twis t ing  couple ac t lng  on a small leng th  of blade, Figure 
10.  I f  the  inboard sec t ion  of t he  blade element i s  f ixed  
and the  outboard sec t ion  r o t a t e s  by deep the e n A i r e  blade 
between the t i p  of t he  blade and the outboard sec t ion  of t he  
blade element twists through d$. Rotation occurs  about a 
s t r a i g h t  l i n e  passing through the  l o c a l  e l a s t i c  cen te r  of 
t he  element t o  which t h e  elementary couple is applied.  
Superposit ion of such elementary couples y i e l d s  a r b i t r a r y  
loadings and corresponding twist d i s t r i b u t i o n s  needed to 
calculate elastic center displacements accompanying r o t a t i o n s .  
Figure 11 shows t h e  relatlte p o ~ i t i o n s ~ ~ f  a s t r a i g h t  l i n e  
d i r ec t ed  along the elastic a x i s  a t  x, a t  which the  
e ? ementary couple is appl ied,  and t h e  elastic center^ Q a t  
sec t ion  x .  P is  the p i n t  of i n t e r s e c t i o n  of t h i s  xg a x i s  
with the y - z plane at x5 = x. To a high order  of approxi- 
mation t h e  r o t a t i o n  arms about t h i s  elastic a x i s  a r e d y *  and 
Az*, shown i n  Figure 11. Neglecting the  x- displacement due 
t o  r o t a t i o n *  the displacements of the e l a a t i c  cen te r  due to 
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Figure 11. Geometry Used to Calculate Elastic Center 
Displacem2nt Due to Elaa%ic "otation.  
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Figure 1 2 .  Geometry Used t o  Calculate Elastic Center 
Displacement Due t o  Elastic Rotation - 
Concluded. 
U 
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The coordinates of P are 
and 
Hence (5 .67)  and ( 5 . 6 8 )  become 
Superposing a l l  the elementary couples from 0 to x to 
generate the ac tua l  twist, we f ind  the displacement o f  the 
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The corresponding displacements in the y g  - z9 plane at x 
are obtained from a consideration of the transformations 
relating free vectors in the Xg and ST axis systems. Denoting 
we find from (5.181, (5.21) to (5.231, and (5.33) 
or using the revseal law :or reciprocated products 
- A, - 5, ce 
from which it followd 
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These are the displacements of the e l a s t i c  cer.ter a t  x due 
to e l a s t i c  rotat ion  of  the blade. Hence, the translat ion 
Qg of  the or ig in  o f  the x10 axis from the o r i g i n  o f  the 579 
a x i s  is 
with (5.83) and (5.84) y ie lding vg and wg. 
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6. Moment Equil ibrium Equa t iom and Expressions f o r  
General ized Forces Fir F2, Fg 
To form the general ized force8 i n  phys ica l  apace F1, F2, 
and F requ i red  f o r  i n s e r t i o n  i n  the express ion f o r  t h e  
genera l i zed  f o r c e  i n  t h e  modal coord ina tes ,  Q., we f i r s t  
d e r i v e  i n t e r n a l  r e s i s t i n g  moments and e q u i l i d * t a  t he se  
to  t h e  e x t e r n a l  manants to  form moment equi l ibr ium equat ions .  
Comparison of d e r i v a t i v e s  of these moment equi l ibr ium 
equat ions  wi th  t he  genera l  equat ion,  (4.12 , y i e l d s  F1, F2, 
F3 
To c e l c u l a t e  t h e  i n t e r n a l  r e s i s t i n g  moments w e  f i r s t  
c a l c u l a t e  the l ong i tud ina l  s t r a i n  of a f i b e r  of beam and 
then sum the moment e f f e c t s  of t h e  s t r a i n  i n  t h e  sec t ion .  
The next  s e c t i o n  provides a very b r i e f  d e s c r i p t i o n  of 
t h e  d e r i v a t i o n  of s t r a i n ,  and t h i s  is followed by a s e c t i c n  
y i e ld ing  the i n t e r n a l  moments. Expressions f o r  P1, F2, and 
F3 are then ca l cu l a t ed  and t h i s  i s  followed by a s e c t i o n  
on express ions  f o r  moments ana t h e i r  d e r i v a t i v e s  occurr ing 
e i t h e r  i n  t h e  F express ions  o r  r , q u i r e d  f o r  d i sp l ay  of t h e  
system response. 
6 . 1  S t r a i n  Expressions 
To c a l c u l a t e  the s t r a i n  component perpendicular  tu a 
norn.3X s e c t i o n  of the beam, we consider  two ad3acent 
sectl ,>~sr separa ted  from each o the r  by a d i s t a n c e  dxo = 
d r  i r ~  t h e  uns t ra ined  state, and c a l c u l a t e  t h e  e x t a s i o n  
of a f i b e r  extending between t h e  f ace s  and passing through 
p o i n t s  a t  y10 and 210 i n  t he  faces .  The usua l  asa?upption 
t h a t  p lane  s e c t i o n s  of t h e  h e m  remain plane a f t e r  e l a s t i c  
deformation is contained i m p l i c i t l y  i n  t h e  geometry of 
deforma4~lon assumed, and descr ibed i n  t h e  previous chapter .  
The express ion f o r  s t r a i n  i s  
U 
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where d s  = f i b e r  l eng th  a f t e r  deformation and dso = f i b e r  
length before  deformation. I f  we express t:.: r t r a i n  i n  
term8 of ~0l~ponent8 of p o r i t i o n  i n  the E5 ( t h a t  is ,  j Z )  
system, then w e  must eva lua te  
Defining 
Repeated app l i ca t ion  of the  t r ans f  onnatiunn ~ , f  the previous 
chapter  y i e l d s  
This expresses t he  - drff aplace;aane. J i n  tenns of e l a s t f  c 
d i s ~ l a c m e n t s  Re, Wg, and elastic angles  A1 and A2 (related 
Wg by ( 5 .64 )  and (5.63) :, and sec t ion  or drdina-2,-sn ?r 
and XlO. 
By a s s ~ i n g  a l l  e l a s t i c  d igp~acemants  to  h. &sent i n  ( 6 . c )  
we ob ta in  the  ac~ordinates  of the poin t  becore e l a s t ~ c  
def oma t ion .  
U 
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(6.7)  
After e l a s t i c  deformation, we f ind  
To derive (6 .8 )  , 2nd and higher order products of  elastic 
VL-iables were neglected. Carrying out  the different ia-  
t ions  of  (6 .5)  , we obtain 
Substitution of the expressions for Al and A ( (5.64) and 
(5.65) ) i n  (6 .9 )  y i e l d s  
U 
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6.2 I n t e r n a l  Res i s t ing  Forces and t4ianents 
I n  t h i s  s ec t ion ,  we c a l c u l a t e  t he  loads of r eac t ion  induced 
by elastic deformation, employing s t r a i n  expression (6.10). 
Figure 13  i l l u s t r a t e s  the p o s i t i v e  amvent ions  of t he se  
loads. The p o s i t i v e  d i r e c t i o n  of S1n is along y10 and is not opposi te  to y10 as w a s  t h e  s t i v e  moment employed 
f o r  the determination of the normal modes. 
Referred to  t h e  x, y ,  z axes, t he  s t r a i n e d  f i b e r  has 
d i r e c t i o n  cosines  x ' / s l ,  y ' / s ' ,  and z ' / s8 .  The corres- 
ponding t e n s i l e  r eac t ion  on the face of the  beam has 
components (x' /sl)  E dA, (y ' / s ' )  E dA, and (z8/s') 
E dA along the x, y ,  z axes. The corresponding elemenlxry 
r eac t ions  r e f e r r e d  to  the Xi0 system are 
with  3 being the total  angle,  defined i n  (6.34) . From 
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Figure 1 3 .  Pos i t i ve  Conventions for  Internal Resisting 
Loads - Multi-Blade Rotor System. 
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I n  these  express ions  second order  products of small 
q u a n t i t i e s  involving 6 ,  y ' , z ' , Air A2 and @= are neglected 
t o  ob ta in  (6.13) and t h i r d  order  products are neglected 
t o  ob ta in  (6.14) . 
The s e c t i o n  moments are 
Moment Mxlo is evaluated a t  t h e  elastic cen te r  wi th  the 
r e s u l t  t h a t  no cont r ibu t ions  to  moment come from shearing 
stresses, because the  elastic cen te r  is defined to be a 
pos i t i on  where such torque is zero. I t  is not  necessary 
to  approximate dFx10, (6.13) , to a higher order than 
indicated because Mylo and Mzlo neg lec t  second order  
products of elastic va r i ab l e s ,  and third order  products 
of small  quan t i t i e s .  The approximations to -10 and dFz10 
are high enough to p e r m i t  t h e  cons i s t an t  determination of 
Mx10 to  an order  which neg lec t s  third order  products of 
e l a s t i c  var iab les ,  and fou r th  order  small q u a n t i t i e s  i n  
the t o r s ion  moment equi l iMium equation. 
Subs t i t u t i on  of 6 ,  (6.10), i n  (6.13) to (6.16) y i e l d s  
with 
The above resu l t s  were obtained for sections with skuctura l  
symmetry about the y10 axis. 
The underlined terms are additional to these present i n  
equations (1-51) to (1-53) of Reference (1) .  and represant 
the added e f f e c t s  of large twist ra- and non-linear t w i s t ,  
without res tr ic t ions .  
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To represen t  a Sikorsky type o o u n t e m i g h t  we add to the  
r igh t - s ide  of (6.19) t he  term 
where daA is the  d i s t ance  hetween t h e  chordwise pos i t i on  
of the c e z o i d  of the counterweight and the elastic 
cen t ro id  a t  y10 = e~ , is the inner  r ad ius  of the 
counterweight. The is the  i n e r t i a l  load 
of t he  counterweight per u n i t  span. 
I n  (6.26) 
"rrr is the  mass of t h e  oounterweight, m is the  mass per  un span of a blade sec t ion ,  including the  
counterweignt and pxPO is the  i n e r t i a l  load per u n i t  
span due to mass m. 
With the  counterweight term the  express ion f o r  Mzlo is  
To be a b l e  to i d e n t i f y  later the  general ized fo rce  F2 and 
F3 i n  vec tor  F of (4 .11,  whose last  two rows exprees 
v e r t i c a l  and inplane equi l ibr ium of loads,  w e  t ransform 
s t r u c t u r a l  r eac t ion  moments to t h e  system and using 
(5.32) w e  rep lace  W e  and ve by elast c displacements w and 
v. 
1 
By means of (5.32)  we^ can show 
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S u b s t i t u t i o n  o f  ( 6 . 2 8 )  and ( 6 . 2 9 )  i n  ( 6 . 1 8 )  and ( 6 . 2 7 )  
yields 
+ fl eA ,&) J%-- P, D (o d z  ( 6 . 3 1 )  
r 
occl, 
Moments are r e l a t e d  by 
wi th  
and 
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Expansion of (6.32) y i e l d s  
To ob ta in  (6.35) and (6.36) we neglected second order  
products of elastic v a r i a b l e s  and t h i r d  order  products of  
s m a l l  quan t i t i e s .  
Subs t i t u t i on  of (6.17), (6.30) and (6.31) i n  (6.35) and 
(6.36) y i e l d s  t h e  des i red  v e r t i c a l  and Lnplane equat ions  
f o r  s t r u c t u r a l  r eac t ion  moments in t h e  Xg system i n  term 
of displacements w and v. Assembling these equat ions  w i t h  
t o r s i o n  equation (6.17) , we have 
83 
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The corresponding loading equilibrivm equations are obtained 
by differentiating (6.37) to (6.39).  
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6.3 Generalized Force8 F112 and F3 
Examination of the rows of the general equation (4.l), which 
are 
indicates that subtraction of (6.40) from (6.43) , (6.41) 
from (6.441, c-8 (6.42) from (6.451, will yield F1, P2 
and F3: Doing this and employing the propertie. wlW wn 
and v1 = vn, we obtain 
U 
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We express M x i  My1', Mz4' i n  t e r m 8  of local torsion ( q q ,  
q y 5 ,  9.5) and 8irac5 (pxs, py , pz5) loading. per unit  a span to reduce further these er ivat ives  t;o useful forms. 
In the next sect ion,  consideration of equilibrium of a 
beam element i s  shown to give  
Sikorsky Flircraft --- U 
I K -am 
where 
With 
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and (6.12) f o r  A - q  A-Al A-A2 A - 0  . we obtain 
Di f ferent ia t ion  o f  (6.52) yf elds 
and subrt i tut ion  o f  (6.49) i n  (6.53) yie ld8  
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S u b r t i t u t i o n  of ( 6 . 5 4 )  i n  the e x p r e s s i o n  for F , (6 .46)  , 
and u s e  of the expressions for My5, (6 .38)  , an& F:z5, 
( 6 . 3 9 )  y i e l d s  
Using the  ret-lts of the n e x t  s e c t i o n  Mat 
i n  t h e  e x p r e s r i o n s  for F2, ( 6 . 4 7 ) ,  and F3, ( 6 . 4 8 ) ,  WQ 
o b t a i n  
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Because we desire 0 axpress P i ,  P and P i n  terms of 
- 
X5 system loadings, we ultimately &st s u h i t u t e  
i n  (6.55) , (6.58) and (6.59) . .-king these subetitu- 
t ions a s  convenience indicates,  expanding 
and deleting negl igible  terms, a s  appropriate to mrsion,  
f latwise ,  and edgewise equations, we obtain 
89 
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The aim of the subsequent chapte rs  is the de r iva t ion  of  
the elements on t h e  r i gh t - s ides  of (6.63) to (6.65) i n  
terms cf the coordinates  of the p r o b l a ~ ,  and the  sub- 
sti t i o n  F1, and F i n  t h e  modal fo rce  express ions  
( Q j t Y ) ,  pj?g), Qjq9). (4.36) t o  (4.28) 1 to c a l c u l a t e  Qj. 
The last t e r m  i n  the t o r s i o n  moment F1, (6.63), is  the 
torque from bending fo rces  (Compare p. 430f f r Reference (7  1 ) 2 We v e r i f y  that f o r  0" = 0 ( l i n e a r  krirt) and neg l ig ib l e  ( @ ' I  , 
t h e  term is  
which checks wi th  the equiva len t  term i n  equat ion (1-70) 
of Ref arence (1) . 
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6.4 Beam Element Equilibrium Equations U s e d  in the 
Mu1 ti-Blade Rotor Analysis 
In this section we state briefly the results of  oonsidering 
the equilibrium of an element of beam, to justify express- 
ions for moment derivatives us-? in the last section, and 
to derive moment expressions used ultimately for display. 
Figure 14 shows the forces and moments acting on an element 
of beam. All forces and moments are assumed to act at the 
elastic center to be consistent with the derivation or 
structural reaction moments, and are resolved to the X5 
system. The results of force and moment equilibrium 
considerations are 
Differentiation of the last two equations in (6.68) yields 
which are (6.56) and (6.57) used in the last section to 
obtain F2 and Fj. 
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Figure '..I,. Loads Applied to Beam Element - Multi-Blade 
Rotor Analys is .  
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Integration of (6 .67)  with respect to v and insert ion  
o f  boundary conditions that  t i p  loads are zero y i e l d s  
which is  (6 .50) ,  employed i n  the  moment der ivat ive  
expressions of the  l a s t  s ec t ion  i n  the  derivation of the 
F forces.  
TO obtain moment expressions Mx5. My5, and Mz5, we  note 
the  following i d e n t i t i e s .  
94 
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In (6.73) C 
and = t are arbitrary constants. Identities (6.73) may ke veri iad by differentiation. 
Integration of (6.68). substitution of (6.72) and (6.73) 
in the resulting integrals and employment of the condition 
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The express ions  f o r  local b lade  o r i e n t e d  moments d e r i v e  
from (6.51) wi th  (6.74) to  (6.76) supplying the z5 moments. 
To o b t a i n  (6.78) and (6.79) we neg lec ted  p roduc t s  o f  
elastic v a r i a b l e s ,  -A10e~5 and h Z @ e ~ 5 .  
Moments (6.77) to (6.79) employing (6.74) to  (6.76) are 
termed t h e  e x t e r n a l  moments inasmuch as they d e r i v e  from 
e x t e r n a l  sources. Moments (6.171, (6.30) and (6.31) are 
termed i n t e r n a l  moments because they are the e q u i l i b r a t i n g  
' internal  r e a i s t i n g  moments. 
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W e  d e r i v e  i n  t h i s  chap te r  t h e  a c c e l e r a t i o n  of a p o i n t  on t h e  
b lade ,  needed i n  t h e  expres  i on  f o r  t h e  i n e r t i a  con t r i bu t i on  I t o  t h e  genera l ized fo r ce ,  Q,. 
I n  our s p r o a c h ,  t h e  a c c e l e r a t i o n  components are r e f e r r e d  
t o  t h e  X system, and t he se  a c c e l e r a t i o n s  are requ i red  to 
involve  %he l i n e a r  and angular  v e l o c i t i e s  and a c c e l e r a t i o n s  
of t h e  hub i n  t h e  s h a f t  o r i en t ed  - z1 system. The parameters 
of t h e  zl system motion, vol and z1 (Figure  15) and t h e i r  
time d e r i v a t i v e s  are assumed known. These parameters d e r i v e  
from the s o l u t i o n  to t h e  coupled suppor t  o r  coupled r i g i d  
body system of equat ions ,  obta ined according to t h e  follow- 
ing  procedure. 
The response of t h e  suppor t  ( o r  coupled r i g i d  body) d e r i v e s  
from the inpu t  of r o t o r  f o r ce s  and mments - to t h e  gupport  , 
a t  the hub. Then the suppor t  responses,  , , vol  and 51 
are re tu rned  t o  t h e  rotor blade equat ions  0 8  o mo t i o n  and new 
r o t o r  f o r c e s  and moments are ca lcu la ted .  These new f o r c e s  
are fed  back aga in  to  t h e  suppor t  o r  r i g i d  body, and t h e  
process cont inues  wi th  t i m e  to  ob t a in  t h e  response of the 
combined system. Figure  16 shows the flow of c a l c u l a t i o n  
coupling t h e  r o t o r  and suppor t  modules. 
I n  view of this procedure, our p lan  i s  to  express  the blade 
a c c e l e r a t i o n  i n  terms of t h e  motion of  t h e  hub i n  the El 
system, as w e l l  as o t h e r  motions, and to  r e so lve  t h e  accelera- 
t i o n  components to  t h e  E5 system. 
Following this, we e l a b o r a t e  four  d i f f e r e n t  ve r s ions  of t h e  
a c c e l e r a t i o n  with a mind to eas ing  and sys temat iz ing t h e  
subsequ n t  d e r i v a t i o n s  of i n e r t i a  loads  and genera l i zed  
fo r ce  4, and to a f f e c t  a s epa ra t i on  of modal accelera t ion.  
q from q and q i n  t h e  modal equation.  
Including t h e  a c c e l e r a t i o n  of g r a v i t y ,  t he  a c c e l e r a t i o n  of 
a p a r t i c l e  on t h e  blade is 
where t h e  v e l o c i t y  of t h e  particle may be expressed 
, Q A  39 REV 0 
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Figure 15. Ractangular Axes Used i n  the Evaluation 
of Acceleration. 
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CALCULATE ACCELERATIONS 




CALCULATE DISPLACEMENTS SUPPORT 
AND VELOCITIES AT TIME t It MODULE 
' 1  I--1 USING RESULTS SAVED I 
I FFOM PREVIOUS PASS I I I 
f ROTOR HEAD DISPLACEMENTS VELOCITIES AND ACCELERATIONS A L l u L L  
INCREASE TlME BY At  + 1 1 I 
ROTOR r -  MODULE 
US ING ROTOR HEAD 
DISPLACEMENTS, VELOCITIES 
AND ACCELERATIONS AT TIME t 
ROTOR HEAD FORCES AT t + At 
- -  - - r-' 
Figure 1 6 .    low of Calculation I l lustrat ing  ~otor/  
Support or Rotor/Rigid Body Coupling. 
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I n  (7.2) and (7.3) , %1 and vo5 are the  linear velocities of 
t h e  o r i g i n s  01 and 05 of t h e  X i  and axes, P i r r  tho d i s -  
f a placement vec tor  o1V , and is the isplacement vector  0.P def ining t h e  pos t i o n  of a po in t  on the blade,  Figure 
15 . 
s u b s t i t u t e  (7.2)  and (7.3) i n  (7.1). W e  ob t a in  
- 
- d* 2F 
Q u .  t o t -  
0 5 3 (4' t a 
The grouping i n  (7.4)  eases-the evaluat ion of i n t e g r a l s  
Q by d i s t inguish ing  s a + g, independent of blade 
radius ,  from t h e  t e r m y / d t f !  which depends on r ad ius  
through r a d i a l  v a r i a t i o n s  of p i t c h  and elastic displace-  
ments. 
- We psoceod to .valuate m y  L , g, and d 2 ~ / d t 2 ,  which 
compose the acce l e ra t i on  a, 95 .4 )  . 
To - obta in  t h e  acce l e ra t i on  of the o r i g i n  of the R5 system, 
ao5, w61 express 
U Slkorsky Wrcraft -- - - -- --- 
I Q, 
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i / ~ 5  ' C~ (%.);* I + J', Ibj-)l) : I i ~ ,  
I 
and using (7.51, we find 
Employ the properties 
- 
where - - .- 
L I z L I ~ X , + j , i J y j  t Z, L ~ z ,  
Define 
We find 
Similarly, from (7.3) we obtain 
where 
, S A 2 9  REV D 
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I 
We o b t a i n  from ( 7 . 1 2 )  and ( 7 . 1 3 )  
S u b s t i t u t e  ( 7 . 1 8 )  i n  ( 7 . 1 7 ) .  We o b t a i n  
1 0 2  
PACE 
, , SA 29 REV D 
U 
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To find .p, we apply successively (5.14) to (5.17) and 
obtain -- 
Since 7 = f for P5 = 0, we get from (7.20) 
-... 
- 
r L P y . t  
Since = constant 
We obtain the following resul ts  
Equations - (7.19) and (7.24 complete the formulas defining 
%5 i n  the 'jll syutan. 20 resolve the components o f  Zo5 
to the Xg system, we define 
* 
. ,  . SA 29 REV 0 
U 
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and apply the transformation 
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Using the  repeated s u f f i x  convention f o r  sum~~ations,  we 
write  t h i s  
where the repeated 8uff ix  j indica tes  sumnation from 
j = 1 to 3, and where 
C - - 
The symbol f o r  the d i rec t ion  oosine, a i  j i n  (7.28) is not  
t o  be confused with the generalized mass i n  normal 
coordinates, ( 3.58 . 
Equation (7.27) define8 the components of accelerat izn 
of O f i  i n  the x5 direc t ions ,  i n  tarma of the motions v 
and w l  of the X system, and the generalized -rdina?es 
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Gravity acceleration colpponents are derived b e l o w  for each 
of the two shaft-oriented axes. 
Transfonmtiom (5.4) bo (5.6) yield the relations between 
free  vector8 jtl anti itx in term of the angles of the 
grounded support 
Identify the free vectors a s  
- 
We obtain 
To obtain the X gravity acceleration oomponents in t e r m s  
of the angles of the rigid body i n  free f l ight ,  m use (5.12) 
- 
Replacing by (5.8) to (5.10) this becomes 31 
and using (5.13 ) w e  get  
105 
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Usr i d e n t i t i e s  (7. 32) T h i s  yield. 
3 2 ,  
Ident i fy  
W e  ob ta in  the z5 symtem oomponents of accelerat ion from 
defined by (7.29) , and the r e m t e d  s u f f i x  j 
ng summtion from j = 1 to 3. 
Eqwtion  (7.39) def ines  the amponeats of accelerat ion 
in t h  f systan i n  tetnas of the 'i? system gravi ty  
a c c a l e r a h a n  components.  ha P m4atau gravi ty  
acce lera t ion  rmponents derive from (7.33) f o r  the grounded 
support and (7.37) for the r i g i d  body i n  free f l i g h t .  
W e  der ive he. the accelera t ion  oont r ibuqon d2:/dt2 
i n  (7.4) , a r i s i n g  f rum the displacement, P, of a blade 
p a r t i c l e  from the o r i g i n  05 of the z5 axss. 
mf ining 
and d i f fe ren t i a t ing  t h i s  twice, we obtain 
106 
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displacements and pitch angles, 
Employ the properties 
Define 
Use the identities 
Ye obtain 
a,. 
. , - SA 29  REV 0 
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Wo dmrive rror the tua dlf5/dt2 
This  requires the evaluation first of 
108 
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The f i r r t  term i n  (7.46) becomes 
after use of (7 .44) .  
The second t e r m  i n  (7.46) is 
- 
after subst i tut ion  of (7.43) and (7 .45) ,  and reduces to 
Subst i tut ion of (7.50b and ( n (7.46) and s imi lar  
treatments of d q d d t  and d 
Slkorsky mircraft --- U I K-- REPORT NO. SER-50912 
Define 
S p t i p t e  (7 .45)  and ( 7 . 5 3 )  i n  %he s w p r e s s i o n  for 
d F/dt  , ( 7 . 4 1 )  . We o b t a i n  
110 
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These acce lera t ion  components are reduced fu r tha r  to 
useful  forms by expressing a5 and i? i n  terms of the  
generalized coordinates and the motion of the X 1  axis.  
The angular ve loc i ty  of the P5 s y s t a  is 
which, with a11 contr ibut ions remlvod to t h e  x5 direc t ions ,  
is 
Taking account of the  de f in i t ion  of the  d i rec t ion  oorincrm 
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equation (7.57) reduces to ( 0 
3' J 5 -  = - Ld t S p  s 
where the repeated s u f f i x  j ind ica tes  summation from 
j z l t o 3 .  
The angular accelerat ions i n  (7.55) are obtained by 
d i f fe ren t i a t ing  (7.59) with respect  b time. 
lppendix ( 1 4 . 2 )  de f ines  coef f i c i en t s  aij, which are the  
der iva t ives  of a defined ir; (7.29) . The angular 
accelerat ions cjifi) are 
obtained from (7.58) , with n - 0. 
Equations (7.59) and (7.60) 4nvoive the motion of t h e  xl 
axis, d x ~  LJyl &it uXl (jyl, 0 , and the  generalized 
coordinates B and 6, and are & ua the required forms of 
angular v e l o c i t i e s  and accelerat ions.  
Slkorsky Fllrcraft ---kt;.--- REPORT NO. SER- 50912 
We proceed mw tn f i n d  displacemeng vector F. This is 
i d e n t i c a l  to Pt (6.6). Replace A We i n  (6.6) by W (Eq. 
5 . 3 1  . W e  f i n d  
Expansion of (7.62) y i e l d s  
I n  t h e  de r iva t ion  of (7.63) from (7.62) , we used (5.83) 
f o r  vg and (5.84) fog wg to  express  (7.63) as a func t ion  
of b v  and d w  (See (5.75) and (5.76) f o r  t he  express ion 
f o r  Av  and 4 w )  . 
To ob ta in  (7.63) we neglected the elastic extension u* 
and t h i r d  order  products of small  q u a n t i t i e s  involving A , 
A2, Be. y 0, a z l ~ *  Displacements v and w are secon order  pro u c t s  of e astic v a r i a b l e s  v ,  W, and Oe (see a 
(5.75) and (5.76)).  
The r e t e n t i o n  of d v  and Aw i n  (7.63) is subsequently 
j u s t i f i e d  by showing t h a t  they y i e l d  tenna i n  t h e  
general ized fo rce  Q comparable i n  magnitude to t h e  
terms contr ibuted t h e  o t h e r  terms i n  (7.63) . 
~ i f f e r e n t i a t i o n  of (7.63) y i e l d s  
b 
'- t i  P'L 29 REV 0 
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To complete the reduction of P,s, 
'r5 , and Pz5 and t h e i r  der iva t ives  to useful forma we requ re expression8 f o r  
Al, Az, and 8 and their time der iva t ives  i n  terms of the  
coordinates W, V, and Oe and the  mn-e las t i c  p i t ch  angles. 
Before doing t h i s ,  we state the  following de f in i t ions  f o r  
p i t ch  angles. 
where 
Bxpresmions forA1 m d A 2  derive t r a  (5.60) and (5.63). 
respect ively ., 
Sikorsky Rircraft - - - I 
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(7.70) 
The trigonomentric functions required in ( 7.6 3 ) t o  (7.65) 
and (7.70) are 
where et and are considered -11 enough to justify 
the expansions in (7.71) . 
Substitution of (7.71) in (7.70), differentiation of 
(7.70), and neglect of products of quantities involving 
v'  , w8 , Qt and 8, and assembly with the corresponding 
approximation to t 7.70) yields 
A, = - v ' t  P&w 
Derivatives of trigonometric functions in (7.64) and (7.65) 
are 
I 
' r . SA 2s REV D 
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(7.73) 
1 .  
- - 
To obtain (7.73) , we neglected products involving 8, 8, and 
Equations (7.72) to (7.74) are the eacpressions which a r e  
subst i tuted i n  the  expressions f o r  Px5, Py5, and P z s  and 
their der iva t iver ,  (7.63) to (7.65) . The approx imat ib~ .~  
(7.72) to  (7.74) w i l l  be j u s t i f i e d  when generalized .!-. ..-.:: 
Q is formed by showing t h a t  higher order approximations 
vduld contr ibute  negl igible  t e r m s  to Q j .  
A t  t h i s  point  we have derived a l l  the information needed 
f r a rking form f o r  the accelerat ion oontrihutlon, 
d%/dty and with t h i s  done we are L a  a posi t ion to 
present i n  the next sect ion working fonns f o r  the to!.;al 
accelerat ion of the blade p t r t i c l e ,  defined by (7.4).  
Sikorsky Qircraft - - - U r-- 
7.1 Verrionrr of Blade Aaeoleration Exprcusion 
- 
Four d i f f e r e n t  verrions are used f o r  the  blade particle 
accelerat ion expremsions with a mind easing and syrtem- 
a t i z i n g  the subsequent derivationr.  The first version 
earee the evalcation of sect ion in teg ra l s  equired in the 
expressions f o r  the  i n e r t i a l  load. pxF, p 9. qxg, q 9 ,  
and q 9 .  The second version provides an e x p l f c i t  ~ p t a t x o n  
daf infng the elamtic dirplacement and p i t c h  angle, 6 t, 
ordarr of magnitudes of the terms, to aid the der iva t ion  of 
approximations. Tt# third version reparates terms i n t o  
r a d i a l l y  independent members 
aid tha evaluation of modal The four th  
version f a c i l i t a t e s  the 
accelerat ion tsroar from modal displacement and veloc i ty  
to a88i.t the foxmation of the COeffici8nt. Sjk, of 
the  modal accaleratior,  qk i n  (4.14) 
a) Saction Property Version of Acceleration 
To f a c i l i t a t e  the  evaluation of sec t ion  propertiem, we 
exprer8 the accelerat ion components in the X5 system i n  
term8 of coeff ic ients  multiplying the sec t ion  ooordinater 
y10 and '10 
To derive the  ooeff ic ienta  we u t i l i z e  (7.4) which 
reducer to 
following rubs t i tu t ion  of (7.54) . Raplacanent of P, , 
P 5,  a p.5, and their dar iva t ives  i n  (7.55) by (7.33) d (7 .65) ,  rubat i tu t ion  of the rasul t ing  upresmions fo r  
Slkorsky Flircraft -.,,-&-- 
(a (a and (a ) in (7.76) , and c~~~pucison of 
(7!7?!7 'andP (r?;6) yi.18szb following expressions for 
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we aaglect the highw order displ.cs~snt8 v Md w and 
thair derivatives in (7 .77)  in all amfficienta utcapt 
is juatifiad i n  tha next 
~,5;'&, P!, 
ho be approx m 
to the 
loading equilibrium or aodal equations. 
b) Order of Magnitude Version for Acceleration 
To present a version of acceleration specifying the order8 
of magnitudes of menbers in the acceleration expressions 
in tarma of elastic di.pla-tu or pitch angle, Ot, we 
define the coefficients in ( 7 . 7 5 )  as 
(7 .78)  
(4 A,, : /AYi0 'b  143 f,4,, (4 
U Sikorsky Qircraft - - - -- -- 
, Q, 
Supezucript ( 0 )  indica tes  that t b  coefficient is of 
zeroeth order i n  tams of elastic diupla-cmts or angle 
6t - that is, such a =e f f i c i en t  contains m das t ic  
displacmemts w, v, 6 , or &. Supatscript (1) indica tes  
a coef f i c ien t  w i t h  a first order  dependmce on w, v, $, 
and et. Superscript (2) indica tes  a term which contaiar  
product8 of elastic displacements w and v, and 0,. 
subs t i tu t ion  i n  (7.77) of the approximations to sz, and 
cS ud their time dar iva t ives  defined i n  (7.71) and (7.731, 
and canparison of the resul t ing  coeff icient8 f o r  Ax, B, 
the i n i t i o n  (7.78) y ie lds  the desired expreruions ttf etc in  (7.18). I n  theme e~p re8s ions  A , f o r  A v Ax 
and (7.69) defines eel ( = Bt + 0,). W e  0 b t . h  t h2 ex8 their derivative. are to be approxhated by (7.7 1,  
U Sikorsky Qircraft - - -T -Am REPORT NO. SER-50912 I 
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The second ordetr character of Ay and A,(') is due to  
t h e  second order character  o f d v  and Aw which involve 
products of W, V, and ee (see 5.75 and 5.76). 
c) Nodal In teg ra l  Version of Acceleration 
To introduce a version of acceleration appropriate  to 
t he  evaluation of mdal i n t e g r a l s  we expreas the generalized 
coordinates i n  (7.79) as modal sums, and then employ a 
convention diatinguiahing the r a d i a l  dependences of the  
terms. 
The modal transformations subs t i tu ted  i n  (7.79) are 
with the repeated s u f f i x  i indicat ing sumat ion  on the 
number of modes, M. 
Derivatives of these modal sums required i n  (7 -79) are 
, - 8  
. 
I.', b' = 9; , 1.". 9 ' ~  
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S c b s t i t u t i o n  of (7.81) and (7.83) i n  the axtress ions  for 
A .A2 .  sg . CB and their d e d v a t i v e s .  (7.71) to (7.741, 
y t e l d s  
We also require  t h  ime d e r i v a t i v e s  of d v  and A w  for 
s u b s t i t u t i o n  i n  A~ T2f and A,(Z) i n  (7 .79) .  From (5.75)  
and (5.76) 
Sikorsky Flircraft - - - I 
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Differentiation of (7.85) and (7.87) yields 
,I Sikorsky Cllrcraft --- 
The occurranam of two repeated su f f ixes ,  i and k, i n  
(7.85) , (7.87), and (7.89) i n d i c a t e s  a double rurmution 
on the aaoder. 
W e  i l l u s t r a t a  now t h e  expansion of t y p i c a l  tcrrmrr in  
(7.791, to examplify t h e  de r iva t ion  a vers ion  of the 
accelerations separa t ing  r a d i a l l y  depmndent terms from 
r a d i a l l y  independent terms i n  the acce l e ra t i on  o o e f f i c i u r t s  
(7.79) . 
S u b s t i t u t e  as required i n  (7.79) the modal s u m  and t h e i r  
de r iva t ives ,  (7.81) and (7.83), a n d A  h2, s& cgand G t h e i r  d e r i v a t i v e s  from (7.84), and i n  oduce l o w  a set 
of r a d i a l l y  independent coe f f i c i en t s .  W e  ob ta in ,  f o r  
example. 
s,, 3 3, 
f ckO1 
Slkorsky Fllrcraft REPORT NO. SER-50912 I 
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Cappariaon o f  (7.90) and (7.91) y i e lds  the radial ly  
indapeuadant o o e f f i c i m t s  .ox and aor. Similar o m ~ r i ~ o n 8  
y ie lds  the other a m f f i c i e n t s .  W e  obtain 
(7. 98) 
REPORT NO. SBR-50912 
The aquatioar givan blow l i r t  a11 tomu d u i v e d  i n  th. 
above manner f r m  (7.79) ahwing a maparation of radial ly  
independent eoaff ic ientr from radially dependent function8 
involving r,w&> v;, &, Oc ,Avik, a d  4 w i k .  
U Sikor~ky arcraft - - - - -- RFPoRT NO. SBR-50912 1 n@ 
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The symbolism f o r  the coef f icignts a etc i n  (7.99) 
indica tes  the  o r ig in  of these coet i i8fents ,  and may be 
used to trace the  source of a term and to a t t a c h  a 
physical  in tepre ta t ion  it. A superscr ip t  x such as 
i n  aOIX indica tes  a derivat ion from the  x component of 
accelerat ion,  a,, i n  the  X5 system. L i k e w i s e ,  super- 
s c r i p t s  y and z indicate a and a, derivations.  A base 
@a8 indica tes  an A term orfg in  in the accelerat ions,  
(7.76). A base # b @  would indica te  a B term or ig in ,  - 
and a base 'c' - a C t e r m  or igin.  The f i r s t  subscript  
i n  a iX, etc i n  (7.100) indica tes  the  order of gnitude 
o r i g  ! n of the  Thus aolX darives  from A (8, allX 
derives  from AX%: and a21Y derives  from qy (3)  . 
The occurrence of in teger  subscr ip ts  i o r  k i n  any term 
i n  (7.99) def ines  the summation treatment required. 
Generally, no i or k subscr ip t  indica tes  no summation. 
Thyt)the terms colY sk ,  c02Y cb i n  the expression f o r  
Cy i n  (7.99) are not  sum. T& occurrence of a s ing le  i subscr ip t  r ires a s ing le  summation. Thus the term 
all: w i  i n  A,W i n  (7.99) is a s ing le  sum (Note t ha t  a 
a l l  m n t a i n s  a s u f f i x  i and thus the  product allX w i  
complies with the  repeated s u f f i x  summation ent ion) .  
Similarly,  a l Y d w i k  i n  the expression f o r  A ~ ~ Y  is a 
double sum w f t h  i and k repeated i n  a21Y (See 7.109) . 
d) Version of Acceleration .- 
Acceleration a from q 
I n  this version of the accelera t ion  expressions we 
separate  the blade modal accelerat ion rsnas involving q', 
from t h e  blade modal displacement and ve loc i ty  terms 
involving q and 4 i n  accelera t ion  coe f f i c i en t s  a o l X  etc 
i n  (7.100). T h i s  version facilitates the  formation of 
the  coe f f i c i en t  s j k  of the  blade modal accelerat ion,  
1 q , i n  (4 .14) .  
The only sources of blade modal acceaeratlon W s  -J.n 
coef g ic i en t s  aOlx etc, (7.100 , we dJxs,  9 5  *Jz5, qf 
and Bt. ~mploy (7.60) f o r  +x5,.@y5, and d ~ 5 ,  subat t u t e  
the  modal transformations A , ..6 , (7.82) ul (7.60), 
introduce the  expression f o r  &, and underline the modal 
accelarat ion terms. We obtain 
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The symbol 6 i e  the Kronecker de l ta  and should not 
be confused i!th the 1ead.angle oomponent of the mode shape, 
The expression for  8 derives from the expression for  f &t established subsequent y i n  Chapter (12)  . 
Remove the modal acceleration terms from (7.101) . We 
obtain the following residues, denoted w i t h  asterisks.  
Equation (7.101) may be expressed as 
$4 29  REV 0 
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To develop an e x p l i c i t  notation for  the residuesof the 
accelerat ion ooef f i c i e n t s  deprived of  4' terms, and for  
the removed terms themselves which are q dependent, we 
re-define the accelerat ion c o e f f i c i e n t s  (7.100),  i n  terms 
of  residues and q - dependent terms. 
We express the o o e f f i c i e n t s  i n  (7.100) a s  
SA 29 REV D 
, UII*w-I.. 
U Sikorsky Qircraft ---- .-- -- 
Q@ 
REPORT NO. SER-50912 
(7.105) 
A l l  the c o e f f i c i e n t s  i n  (7.1001, excep t  t h e  f o u r  listed 
i n  (7.105) are l i k e  (7.104) , and may be g e n e r a l i z e d  to  
I n  (7.106) X, y, z i n  (7.100) s u b s t i t u t e  f o r  X to y i e l d  
f ran (7.106) any r e q u i r e d  element  i n  (7.104) . The i n t e g e r  
s u b s c r i p t s  m and n are t aken  from t h e  s u b s c r i p t s  i n  (7.100) 
to g e n e r a t e  t h e  e lements  i n  (7.104) , with  excep t ions  not 
complying wi th  this rule l i s t e d  i n  (7.105). 
W e  i l l u s t r a t e  now t h e  d e r i v a t i o n  o f  t y p i c a l  terms a X ,  
,4 X, X, PmnX,  rmx, a n d y m X  i n  (7.104) and w e  2.0 
i B u s t r % e  t h e  d e r i v a t i o n  o f  terms i n  (7. 105) . 
We s u b s t i t u t e  i n  t h e  c o e f f i c i e n t s  aOIX etc i n  (7. l o o ) ,  the 
t e r m s w  5, i.r etc from (7.103), a8 requ i red .  T y p i c a l l y ,  
w e  o b t a t n  f r k  (7.100) 
(7.107) 
> 
,, SA 2E REV D 
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Coaaparimon of terms i n  (7.105) and (7.108) y i e l d s  
Similarly,  we f ind  
yie lding 
The second owf f i c i e n t ,  q 3 Y ,  ooxnes from 
4 
yielding 
1 s  
PAGE 
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DeterInination of the ooafficientr i n  (7.105) is 
exeunplif id by 
(7.116) 
Comparisons of terms i n  (7.115) and (7.116) y i e l d s  
142 
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(7.128) 
The notation k .+ 1 i n  (7.118) moan8 that k must be 
replaced by the  new d-y r u f f i x  1 i n  qk, and i n  
mult ipl icat ion of q k + l  with terms l ik84wik t  rubrequently 
perfomad, ramindo us to change the k i n d w i  to 1. The 
reason f o r  the r e p l a c a u n t  k -1 h (7.118) !&r ta prevent 
the occurrence of a t r i p l e  rubrc r ip t  k i n  (7.118), which 
ha8 no meaning in our repeated s u f f i x  oonvention. 
Equations (7.119) and 7 120 givcsn below list a l l  
& , P  xtrm~t andymX coeff ic ient .  dmnxt dm dy y 
derjved from the  aacelerat on coe f i c i e n t r  i n  the above 
manner. 
b 
-. .S4 29 REV 0 
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We recall thata 4 and d i n  (7.119) are the 
p a &  C m n e ( 7 . 1 ~ ~ ) ,  a f t a r  removal residuea of % , b ,  , 
of the blade modal acce lera t ion  terms q.. Consequsntly, 
it is reasonable to expect tha t  the subs t i tu t ion  
i n  paD, f o r u d  i n  t h  next sec t ion ,  w i l l  y i e l d  QsD*, which 
is d e  residue of Qj8 a f t e r  r-val of the 2 d s .  
Similar ly ,  the subs t i tu t ion  
i n  the expression f o r  pjD should y i d d  sjk. 
The v a l i d i t i e s  of subs t i tu t ions  (7.121) and (7,122) are 
dsmonstrated i n  the next chapter,  and these s u b s t i t u t i o n s  
are thp rea f t a t  employed to  f a c i l i t a t e  the der iva t ions  
of pjr and 8jk. 
152 
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7.2 Orders of Magnitudes of Acceleration Coeff icients  f o r  
,Small H\rb Accelerations 
L 
%n t h i s  sect ion,  we i l l u s t r a t e ,  f o r  small hub accelerat ions,  
t h e  procedure used t o  detarmine t h e  magnitudes of t h e  
accelerat ion coe f f i c i en t s  i n  (5.119) and (7.1201. This is 
fol?.owed i n  Section 8.4 w i t h  a descr ip t ion  ofDthe procedure 
f o r  luglect ing small tcums contributing t o  Q, f o r  small 
hub accelerations.  The  elimination of these  terms effects a 
subs tan t i a l  r uction i n  the  n.umber of s ign i f i can t  tenas 
retained i n  Q?, considerably simplifying the  algebra. 
An a preliminary we state that € w i l l  designate any small 
quantity,while uni ty  designates a non-small quantity.  
To make sure t h a t  t h e  symbol , which uniformly designates 
t h e  orders  of the d i f f e r e n t  parameters, assumes comparable 
values among the parameters, we non-dimensionali ze M e  
nodal equations. I n  the following sect ion,  w e  assume that 
a l l  q u a n t i t i t e s  have been non-dimsnsionalized, according 
t o  t h e  method of Chapter (12) ,  without introducing a new 
e x p l i c i t  notat ion f o r  non-dimensional quant i t ies .  
The assumption of s m a l l  hub acce lera t ions  requi res  t h e  
following Zl ax i s  q u a r L i t i e s  to  be small. 
LdX 
1 
L3 -, L>,  +, 
I n  addition,  it is  oonvenient to  recall here tha t  t h e  
following are a l s o  small. 
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we aqte that since w - v +4r, and v l  - v +6r ,  and 4 
and b are of  O ( E ) ,  d e n  w l  and v l  are o f  0 ( 6  1 i n  (7.124) 
Displacements ee, w, and v in (7.125) are expressed a8 
elastic displacement orders i n  oont raa t  an € -ord= to 
achieve t h e  spec i f icneae  required by our  assumptions 
d i s t inguish ing  the orde r s  of magnitudes of @,, w, and v 
from c .  These aseum t ione  are invoked i n  the next  E chapter  t o  de r ive  Qj . 
We i l l u s t r a t e  now the de r iva t ion  of the o r d e r s  of  
magnitudes of t y p i c a l  acce l e ra t i on  c o e f f i c i e n t s  i n  
(7.119) and (7.123) . 
From (7.119) 
Employ (7.27) to ob ta in  ( k g )  ,5, (7.39) to o b t a i n  gx5, and 
(7.59) to  o b t a i n  Jy5 and 0,s We f i n d  
Equation (7.19) w i t h  (7.24) yie lds  (aos), , (a ) 1 and 
(a051 . Invoking t h e  order asampt ione  t7.1295 Knd 
(7.12f). we f i n d  
154 
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(7.133) 
Similarly f r o m  (7 .37) ,  (7.391, and asrumption (7.1261, 
we f ind 
Employ assumption (7.124) and the expressions for the 
d irect tea  cosines  (7.29) to obtain the orders o f  
rnagniti~des of these d irect ion  cosines.  W e  f ind 
f ind 
.) . ,- = c, (F) 
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Substitution o f  (7.136) i n  (7.127) and (7.128) y ie lds  
Similarly, we find 
and so on. 
From (7.120) we f ind 
Slkorsky Wrcraft ---- U I nr"-- 
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The order8 of a l l  terms i n  (7.119) and (7.120) are 
s imi lar ly  derived. 
I t  is nacearary to keep the  nwMal displacanant q i  i n  t h e  
order etatomant to help us d i ~ t i n g u i r h  between terms of 
O(e) and toma of 0 ( 1 ) 8 ) ,  O ( W ) ,  and O(v) when Q 
formed. For a m p l a ,  when a tern O(qi) oombin 
term i ~ v o l v i n g  fli, the  r sbul t ing  order of the  product is 
0, becauue 0, - Biqi, while a product q 6 - 6 
i 8  of order  c . Because -8 of 0 (8,) , 8 (wf , and 0 (v) 
are approximated d i f f e r e n t l y  from terms of 0 (E) , ua have 
to r e t a i n  q i  i n  the  order expresrions u n t i l  a pcint where 
prgauct. l i k e  Oiqi, wiqi, siYi, etc are formed i n  the 
Q urpreesion. 
To emphasize the  physical  implications of our order 
statements we list a few examples from those given above, 
and r e v e r t  to the i n t e rp re ta t ion  that a l l  quan t i t i e s  
presented below are dimensional. Thus w e  have 
8. I n e r t i a l  Generalized Force Q~~ 
We derive i n  t h i s  chapter a working form f o r  tka i n e r t i a  
contr ibut ion to  genera1izt.d force,  QjD. 
t D W e  begi by der iv  ng expressions f o r  i n e r t i a l  loads px , B p 3 ,jZ5, qd, 4..5, a:< q i n  term8 of accelerat ions 1 n de X5 y s t  . ;L. 75). ~ k e  resulting expressions involve 
the  coe f f i c i en t s  Ax, 
"r , ?'.z etc i n  (7.75) and sect ion propert ies  l i k e  cog. o f s e t  and r a d i i  o.f gyratians. The 
i n e r t i a l  loads are then subs t i tu ted  i n  the goneralizc-: 
fo6ce g q r e s s i o n s  1, P2, and P and integrated to torm 
, and Q . D ~ ,  (4.35). T r: e d i f f e r e n t  accelerat ion 
2n;e%ions of de previous chapter pa r t i c ipa te  to  e f f e c t  
approximations, develop modal in teg ra l s ,  and to  separate  a dependent and 6 independent tarms to f o m  Q  jD* and IS jk. 
8.1 Expressions f o r  I n e r t i a  Loads 
Here we derive expressio loads per u n i t  
l e n g t h o f  blade, pxQ, , and qZf, i n  term, 
of acce lera t ion  coetf c of the X5 system 
and sec t ion  properties!, o f f s e t  and sect ion 
r a d i i  of gyrations. 
Figure 17 i l l u s t r a t e s  the  pos i t ive  oonventions f o r  the 
i n e r t i a  loads resolved t o  the direct ions.  I n  terms 
of - accelerat ions resolved to  the x10 di rec t ions ,  these 
Xi0 i n e r t i a  loads are 
/3 
U 
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Figure 17. Poeitive Conventions for Inertia Loads 
Employad in Multi-Blade Rotor Analysis. 
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TO darive P5 system loads i n  t . ~  of P5 system accelera- 
t i o n s ,  we employ the f s l lowinq  r o t a t i o n  t ransfonnat ions  
r e l a t i n g  free vec tors  X5 and X10. 
Free vector P5 is selected from amogg F5, G5, and as, and 
corresponding vec tors  are elOD q l o D  and with 
components 
- 4- 
Applicati-n of (8 .3 )  t o  p5 and 5 , s u b s t i t u t i o n  of (8.1) 
f o ~ ~ ~ ~ ,  s u b s t i t u t i o n  of (8. f? to express g10 i n  terms 
of as y i e l d s  M e  following set  of r e s u l t s .  
16 0 
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To obtain q5 i n  terms ot as, wei first write (8.2) i n  the 
form 
Following a similar procedure to that used to derive (8.71, 
we obtain 
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W e  neglected t h i r d  order products of elastic vrc iables  and 
fourth order products of s m a l l  quan t i t i e s  to  der ive  q, D 
(8.10). and w e  neglected second order products of elasgc 
var iables  and t h i r d  order r o d u c t s  of small q u a n t i t i e s  t o  
obtain q 9, (8.111, and q, , (8.12). These approximations 
are discxssed i n  more data21 later i n  this chapter. 
To reduce (8.7) and (8.10) t o  (8.12) to forms involving the 
accelerat ion coe f f i c i en t s  Ax, Ax' etc, we subs t i tu te  (7.75) . Assume i n e r t i a l  symmetq of eac sec t ion  and introduce the 
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3 / c  
I7 " T z i  = ~ - [ ( A , ~ c ~  + A q A 2 )  Y P ,  5 
c (0, cp + Bq Xa)ka 
3 
I ( - c ~  $@ L c3 A,  ) )( t ,& (8.17) 
J 
Shears derive from (6.71) 
C 7 P r  
D c ~ ~  = _! m ( ~ x t b y ? i d ~ . - , -  F," = T,,,. ) $ f (8.18) ) 
Loads and tensions in the XlO system derive from (6.60) and 
(6.61). 
D I 13 (8.19) 
Substitute in (8.14) to (8.17) the expansions for Ax, %, 
A, etc defined by (7.78) , and employ 
163 
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We obtain the approximations 
i c) 
0 
.- - ( 0 )  
9x5 h ( <3 ( ~ 4  ~ c & ~  
- ~ C S ~ - A , V ) + A ,  -/ 6) 6; r ~ ~ , ~ ~ ~ ) + ~ ~ a J ~ ~ ,  " c: 
164 
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with A1 and A2 approximated by ( 7 . 7 2 )  
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I n  (8.22) to  (8.29) our approximation t o  a l l  loadings 
except q,g are accura te  to  f i r s t  o rder  elastic terms w, v, 
and eel and second order  products of smal l  q u a n t i t i e s  
involving w, v, ee, bt, Y1oC8# 2 1 0  k.10. ~ o a d i n g  qd 
is approximated to  a higher r d  than the o the r  loadings 
and is accurate t o  second order  products of elastic terms 
and t h i r d  order  products of small  qua. : i t i ea .  W e  show i n  
Sect ion 8.4 ti a t  these  approximations when s u b s t i t u t e d  i n  
t h e  modal equat ions  are s u f f i c i e n t  to  s a t i s f y  our  
approximations to the modal equations.  
8.2 Derivation of Typical  T e r m s  i n  Q!
I n  t h i s  s ec t ion  we i l l u s t r a t e  t h e  de r iva t ion  o t y p i c a l  6 terms cont r ibu t ing  to  t h e  general ized force ,  Q3, t o  
e emplify t h e  procedure used to  de r ive  a wovkrng form f o r  B Qj, and to introduce the m d a l  i n t e g r a l  nota t ion.  
W e  base t h e  formation of pjD on (4.36) and (4.35). 
S u b s t i t u t e  i n  (8.31) t h e  expression8 (6.63) to  (6.65) for 
plS t o  F ~ ~ .  We obta in  
U Sikorsky aircraft --.- - --- F I B  
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We i l l u e t x a t e  now t h  expansions of t y p i c a l  terms con t r i -  
buting to Q . ~  to Qa83, (8.32) to (8.34). U s e  (8.23) f o r  
9x5 i n  (8.32f. employ 8 -  8, + ot to  expand t h e  p i t c h  
angle,  a l ~ d  neg lec t  t h i r d  order  products of elastic va r i ab l e s ,  
w, v, and t),, and four th  order  products of small q u a n t i t i e s .  
r; 
We f i nd  
I n  (8.35) Al  andA2  are approximated by (7.72) (also 
dupl icated as 8.26 ) . 
ying f j .99)  expand t h e  acce l e ra t i on  coef f i c ien t s  
A ~ (  , Ayt', e t C .  AY i n  terms of r a d i a l l y  dependent 
and r a d i a l l y  jndependent terms, and employing 
where required,  we f i n d  from (8.35) the t y p i c a l  development 
U Slkorsky aircraft - -O b-uT 
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Denote modal integra ls  originating from Q j D l  by Ql ( l ) ,  ~ ~ ( l ) ,  
etc. We f ind that aoI i n  (8.37) y i e l d s  
169 
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The contribution to ( 8 . 3 7 )  from aOr i a  
5 r Q h Q 0 3  r { S Q ~  + PQ ( * + + O ,  g d )  C 
U 3 C 
a d) r  
Similarly, we f ind 
17 0 
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The contribution to (8.42) from ally ia 




Another characteristic term is 




We2evaluate now the aontribution to Q from - ((T-F 
kn 0' ) i n  (P. 32) ,  u, i l l u ~ t r a t e  a l yp i ca l  applicacfon 
of  integration by parts to c o l l e c t i v e l y  d i f ferent ia ted  
terns. The contribution to ~ j 3 1  from thf 8 term is 
1 
I 
(a.  49) 
I ! 
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The condit ioc  
was uaet! t o  ~ b t a i n  (8 .49 ) .  Replace in ( 6 . 4 9 )  pXsD by ( J . z - I I ,  
subst i tute  8.' = Bi8 qi, ar.J rmove  negli5,L;le term.. We 
f ind  
I 
REPORT NO. SER-50912 
Inserting (7.99) for in (8.51) , w e  obtain 
The derivation of (8 .52)  swemplifies the produ3tion of 
terms involving end conditions l i k e  (9 4' kA R ) . In 
general, root or t i p  a d  terms occur f om integr$t?ons by 
parts. 
Examples of term8 aontributing to pjD2 and Q . ~ ~ ,  (8.33) 
and (8.34). are conaidered below to i l l u s t r a b  the use of 
superscripts to deumte the or ig in  of modal integrals,  and 
to prepare the ground for  the exampleu in the next section. 
The contribution to p s D 2  from p 5D i n  (8.33b follows from 
a similar treatment td that u a d  for  the Qj 1 contributions. 




The contribution to pjD3 frm nGl i n  (8.34) i s  
Sikorsky Qlrcraft -- - - k-* 
The examples (8.55) to  (8.58) show t h e  use of su  DyscriPi59 2 and 3 to denote i n t e g r a l s  or ig ina t ing  trrn Qj and Q j  . 
To a i d  the  iden t i f i ca t ion  of the physical o r i g i n s  of terms, 
subrcr ip ts  attached to modal in teg ra l s  increase progressively 
from a value of one upwards as one progresses among the 
te ru  acmposing poD1 i n  (8.32). The f i r s t  terms i n  the 
integrand of (8.33) contr ibute  the  lowest subscript .  i n  
the modal in tegra ls ,  t e r m s  succeeding these cont r ibute  
higher subscripts ,  and t h e  final tarma y i e l d  the highest  
subscripts.  Equations (8.35) to ( 8.48) i l l u s t r a t e  this 
convention. T o  preserve t h i s  sequence, modal i n t e g r a l s  
reducing t o  the  s a m  expressions are not  given t h e  same 
subscr ip t  i f  they or ig ina te  from d i f f e r e n t  places i n  (8.32). 
Exactly the  same conventions apply to modal i n t e g r a l s  
derived from Q~~~ and pjD3, (8.33) and (8.34). 
Table (1) relates the physicaz sources of modal in tegra l8  
i n  the  integrands of (8.32) t o  (8.34) to the  subscr ip ts  
attached to the  modal in teg ra l s ,  and ma be used to  iden t i fy  8 t he  source8 of tame contributing bo Qj . 
A s  always i n  t h i s  report ,  the  in te rp re ta t ion  of t e n o m  
involving repeatmi su f f ixes  i n  (8.38), (8.401, (8.43), 
(8.45), and (8.47) must comply with the repeated s u f f i x  
convention f o r  slumrutions. I t  i8  nacersary to keep in 
m i e l t h a t  fy f f ixes  may be buried i n  terms ally, aZIY, 
93 r 920 r e+C* 
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8.3 I n e r t i a  Force Components pjD* and s jk 
I n  t h i s  s ec t ion  we separa te  the tems oomposing Q ~ D  i n t o  
a component Q D', idependent of nodal acce lma t ion ,  and i a component sJkGk. i s o l a t i n g  the modal acceletrat ion,  and 
M list here  a11 such terms i n  pjD* and sjko The d e r i v a t i o n  
i s  spec ia l ized  for small  hub acce l e ra t i ons  and this assump- 
t i o n  e f f e c t s  a s u b s t a n t i a l  reduct ion i n  t h e  number of 
s i g n i f i c a n t  tems re t a ined  i n  our equations.  We presen t  
also a c l a n s i f i c a t i o n  dividing components of pjD* and Sjk 
i n t o  terms no t  involving modal sums, terms involving s i n g l e  
modal sums, and tenns involving double modal sums, p n  
faci l i tate the programming of pjD* and s jk. 
Our aim is to form the elements (4.42) and (4.15) i n  t h e  
modal equation, which are 
with 
The general ized mas8 a o k  is known from the s o l u t i o n  Lor 
the normal modes. and $he o t h e r  eletments i n  (8.59) and 
(8.60) are der ived here. 
We proceed now to i l l u s t r a t e  the separa t ion  of pjD* and a ~ k ,  
drawing on the examples of Sect ion (8.2) for the  d s r i v a t i  n 
of t y p i c a l  con t r ibu t ions  to Q,D* and s .  The basic s t e p  
is the s u b s t i t u t i o n  of aocetl.ration c o b % ~ i c i e n t s  (7.104) 
t o  (7.106) i n  the  MU composing pjD, t o  e f f e c t  t h i n  
separa t ion  i n t o  p j  and s jk. 
Slkorsky Flircraft - - - k-- REPORT NO. SER-50912 
D o n o t e  with an  arra a con t r ibu t ion  to Q j D  or 8 from a 
subuet of the e l - n t s ~ k i n g  up Q t  or s a k .  dkluy write 
the cont r ibu t ion  to Qj ftm tha em* ii (8.40) 
Employ (7.104) or (7.106) to  sepa ra t e  the a c ~ ~ e l e r a t i o n  
c o e f f i c i e n t  a 2Y i n t o  a term independent of qk and a term 
dependent on &kt t h a t  i*, 
I n s e r t  (8.63) i n  (8.62). We obta in  
The notation k t  1 is designed to prevent t h e  occurrences 
of  three k subsc r ip t s  i n  (8.64), to  preserve the sumnation 
convention, as explained i n  t h e  ramarks following (7.118). 
Comparison of (8.64) and (4.391, which is 
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Equations (8.66) and (8.67) are i l l u s t r a t i o n s  con f i r s ing  
t h e  use of s u b s t i t u t i o n s  (7.121) and (7.122) to obta in  
Q-D* and s - k  from QjD. We observe that a02Y + 502Y i n  
t i e  cont r ibu t ion  to  Q J D ~ ,  (8.62),  w i l l  y i e l d  ~ ~ " 1  (8.66). 
Simi la r ly ,  a02Y -+ P Y i n  t h e  con ibu t ion  to Q . D ~ ,  (8.621, 
w i l l  y i e l d  the c o n t r f h t i o n  to smkE), (8.67). 2n the 
subsequent i l l u s t r a t i o n s ,  it is  h ba understood that 
s u b s t i t u t i o n s  (7.121) and (7.122) have been appl ied,  
without further prel iminar ies .  
W e  under l ine  i n  (8.66) and (8.57),  and i n  the subsequent 
de r iva t ions  of t h i s  sec t ion ,  neg l ig ib l e  terms f o r  smal l  hub 
accelerations t o  ranind u s  t h a t  such t e u m 8  make no 
cont r ibu t ions  to our set of term8 oomposing Q ~ D * ,  presented 
below. Sect ion (8.4) i l l u s t r a t e s  t h e  procedure f o r  
e s t ab l i sh ing  the magnitudes oi  terms cont r ibu t ing  to  Q ~ ~ *  
and Sjk f o r  small hub acce le ra t ions .  
Employing s imi l a r  procedures, we f i n d  the con t r ibu t ions  
from t e r m s  i n  (8.45) to be 
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A rim lifioation of (8.69) is achieved from the substitu- 
U o n  % 1 3 ~  = - Jik (Bp. 7.120) . Rewrite the modal integrals 
in (8.46) as 
substitute in (8.69) the result flZY ' - d i k e  We obtain 
Slkorsky aircraft -- - - 
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The p rope r t i e s  of tho Kronecker d e l t a  roduaa the s i n g l e  
and double sums i n  (8.71) to s i n g l e  terms and a s i n g l e  sum, 
respec t ive ly ,  i n  (8.73). The program e x p l o i t s  t he se  
p rope r t i e s  of the Kronecker d e l t a ,  w h ~ r e v ~  it occurs, by 
using forms l i k e  (8.73) i n s t ead  of (8.71). Both forms 
are listed i n  the Sjk t ab l e s .  
A t h i r d  example i r  the cont r ibu t ion  from (8.47), which 
r equ i r e s  a s l i g h t l y  d i f f e r e n t  treatment because t h e  
expansions of a2lY and (7.105) , are exceptions to 
the usual  expansions (7.104) or (7.106). S u b s t i t u t e  (7.105) 
i n  (8.47). Wd f i n d  
we obtain from (8.75) 
18 3 
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A8 indicated above, the undezlinod terms are neglected 
for  -11 hub accelerations.  
Proceeding naw ,to the remaining axample8 considered i n  
Section 8.2,  we obtain the following contributione rn 
Q~~ and 8jk. 
a) Contribution from (8.52) 
b) Contribution from (8.55) 
Slkorsky Rlrcraft ---- 
I 
c) Contribution from (8.57) 
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These exampler complete our i l l u a t r p t i o n s  of the 
formation of e l m e n t 8  cOIUp0sing Q~~ a d  8jk. 
We preuent now the divis ion  of o~mponentu of Q ~ D *  and 8 .k  
i n t o  terms not involving modal s u u ,  tarma inv iving si;Lgls 
modal SUB, and terms !.nvolving double modal sums, to 
f a a i l i t a t e  +he programming of Q ~ D *  and s j k .  A t  the same 
t i m e ,  we introduoe a notation iiidicatlng u p l i c i ~ l y  the 
subsc t ip t  dependmces of th. tonu oomposing Q ~ D  and s j k  
t o  indica te  c l e a r l y  to the prouramer where au rc r ip ted  
variables  are required. 
Recall tha repeated auffixea indica te  summations. We 
mpreus Pjh* and 8jk a s  the sum 
U 
I Sikorsky Qircraft - - - - -- F I B  
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Table (2)  lists a l l  t h e  elements derived i n  the manner 
c - f  t he  examples given above, and tabulated according 
to def in i t ions  (8.88) and (8.91). 
Re f  e r r ing  to there tables, we see t h a t  index nr ranges 
over t h e  number of elements i n  a oolumn of Table (2) 
and s ince  m is repeated always, w e  must sum on m i n  a 
column to evaluate any t e r m  i n  (8.88) and (8.91). The 
other  indexes i, j , k range on trre number of modes, M. 
Ap2endix 1 4 . 3  def ines  the  modal in teg ra l s  required i n  
Table (2) .  
W e  select now a few examples from these t ab le  to 
correspondences of elements d,?l), &,(l) 
, etc., i n  (8.88) and (8.91) 
derived i n  t h e  i l l u s t r a t i o n s ,  given 
above. 
a) T a r m s  not  involving modal sums 
b) Terms involving s ing le  modal aums 
18 7 
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b) Terms involving double modal sums 
Because (s jk (l) ) 2 for amall hub accelerations i s  expressible 
a s  the more convenient s ingle  modal sum, (8.98),  w e  do not 
require the form (8.97) , and its components are not l i s t e d  
i n  Table (2) . 
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8.4 Approximations to Tenas Camposing Q ~ D  
I n  t h i s  s e c t i o n  we 
1) Verif roximations to sec t ion  g , qz5D, c i t e d  earlier 
i n  Enis 
2) I l l u s t r a t e  t h e  rocedurs f o r  neglect ing small  terms 
cont r ibu t ing  to  QjDP and Sjk f o r  -11 hub acce le ra t ions .  
W e  o3nside.r f i r s t  t he  approximations (8.22) to (8.29) , to 
t h e  i n e r t i a  loads. W e  recall from Sect ion 4.2 that t h e  
tors ion modal equation ( 4.61) excludes t h i r d  order products 
of elastic v a r i a b l e s  and fou r th  order  products of  mall 
quan t i t i e s .  The f l a twise-egewise  modal equation,  (4.65) , 
exclucies second order  products of elastic va r i ab l e s ,  and 
t h i r d  order  products of small  quan t i t i e s .  W e  v e r i f y  t he  
app r~~xfma t ions  to px5D, pySD, etc. by inspec t ion  of (8.32) 
to  (8-34). We see that qx5D i n  (8.32) must be approximated 
as (B.,23) which inc ludes  second order  products of elastic 
variait , les and t h i r d  o rde r  products of s m a l l  q u a n t i t i e s .  
The occurrences of  v 'q  5D and wWqZ5D i n  (8.32) i n d i c a t e  
t h a t  qy5D and qz5D nee3 to  include only f i r s t  o rder  elastic 
terms and second order  products of small  q u a n t i t i e s ,  such 
as i n  (8.24) and (8.25) . Similar  inspec t ions  of t h e  o t h e r  
terms i n  (8.32) to 
approximations, (8.22 
a s D ,  q sD, qzsDt Fx5 inspection of 
of approximations 
mation (8.23) f o r  
(8.22) to (8.29) . We 
t h e  r o t a t i o n  0, (aee Sect ion 5.3). Consequently, t he  
presence of t hese  terms i n  qx5D, (8.23), shows t h a t  t he se  
second order  displacements are comparable to o the r  terms 
cont r ibu t ing  to qx5D. This j u s t i f i e s  t h e  inc lus ion  ofrdv 
and Aw i n  our ca l cu l a t i on  of blade acce le ra t ions .  
We illustrate mw B e  procedure f o r  neglect ing small t e r m s  
con t r ibu t ing  to Qj and s j k  
For (W1 11 hub acce le ra t ions .  We consider f i r s t  d92Y 6 q Qll i n  (8.66) . From Sec t ion  
(7.2) v )  ob ta in  t h e  ?eagnftubel of the components i n  aOr 0 
q i  911 
205 
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Combining (8.99) t o  (8.1011, we f i n d  
which according to t he  assumptions l i s t e d  i n  Chapter 2 i s  
negl igible .  Similar ly ,  we f ind  the  magnitudes of the  o ther  
terms i n  (8.66), and we deduce t h a t  1 terms musk be 
reta ined except those involving Qll (f f and Q12 (1) . 
To approximate the terms making up 8 j k r  w e  enploy only the  
asrulnptions t h a t  blade f l a p  and lead angles ,  3 and 6 are 
small. We may restrict our approximations to  these angles 
because these are t h e  only motion parameters present  i n  8.k.  
By following a similar procedure to that used to e s t a b l i s i  
the magnitudes of (8.102), we deduce from the product 
Bjk (1) & t h a t  a l l  terms i n  (8.67) should be re ta ined  
except t h o ~ e  involving ~11(1) and Q 1 2 ( 1 ) .  
When hub induced acce ls ra t fons ,  blade o f f s e t ,  and r i g i d  
blade angular de f l ec t ions  are among the s m l h  ~ a n t i t i e s ~  
conaidered, we a p p r o x p t e d  the term8 i n  (Q j ' ) to 0 ( €  ) , 
and the terms i n  ( Q ~ ~  and (Q jD3* each 0 (C 3, . 
s imi la r ly ,  w e  approximated t h e  t-s t n  c ~ ~ * f i l )  qk to 
o ( ~ 4 ) .  and the terns i n  (s k(2))oilj( and s . k ( 3 ) P O ~ k  each 4 t to 0 ( e 3 ) .  These approxima ion8 may be iil e r red  to allow 
206 
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somewhat la rger  hub and blade motions f o r  syrtema modeled 
with r i g i d  body f l a p  and lead motion8 without p i t c h  freedom. 
These orders,  however, are not oons i r tan t  with our 
approximations excluding from the  general  blade model o ther  
terns of comparable order,  l i k e  those from cyc l i c  p i t ch  
inputs. For t h i s  general  model, the  policy of re ta in ing  
such high orders i n  the working equation. is sound provided 
appl icat ions are restricted to problenr f o r  which the high 
order terms are ins igni f icant .  It is w a l l  to note a l s o  
that because these addi t ional  terms do not require  
summation on the modes, no s i g n i f i c a n t  penalty i n  program 
execution time is incurred by them. 
207 
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9. Aerodynamic Ge~era l i zed  Force pjE 
The caluulat ion of thg aerodynamic exci ta t ion ,  Q A is 
organized t o  y ie ld  9 -  from the  c a l c u l a t d  m t i o b s  and 
t ab les  of non-dimensional C , CD, and C,+ characteristics 
as functions of sec t ion  ang i e of attack, and sect ion Mach 
nurnber. The t a b l e  look-up procedure is a consequence of 
blade element theory, which is assumed to apply to  our 
model. 
The f i r s t  sec t ion  of this chapter contains a derivat ion of 
Q e A  as an in teg ra l  of sect ion lifts, drags, and pitching 
e n .  The second sect ion of t h i s  chapter completes the  
information needed to  evaluate numerically the i n t e g r a l  
qjA. W e  der ive  there  axpressions f o r  flow veloci ty ,  sect ion 
angle of attack, and Mach number which then y ie ld  the 
sec t ions  l i f t s ,  drags, and pitching nnents i n  ~j~ from 
tab les  of these cha rac te r i s t i c s .  
Unsteady aerodynamic states are represented by t ab les  of 
sec t ion  aerodynamic c h a r a c t e r i s t i c s  as functions of angle 
of attack c( , and the papmeters A and B of Ref. (8)  , 
proportional to 4 and 9r , respectively.  The time deriva- 
t i v e s  and are formed by numerical d i f f e r e n t i a t i o n  i n  
the program, and are not discussed fu r the r  i n  t h i s  chapter. 
I n  addi t ion t o  the  r e r t r i c t i o n s  rrPpo8ed by blade element 
assumptions, the analys is  does not  include a r a d i a l  flow 
model. 
9.1 Expression f o r  Q~~ i n  Tarma of Section Loading Charac ter i s t ics  
The s t a r t i n g  points  f o r  the der iva t ion  of Q~~ are equations 
(4.37) and (4 .35)  which are 
I Sikorsky Aircraft - - REPORT NO. SER- 509 12 
Equations (6 .63)  to (6.65) d e f i n e  F to F3 i n  terms of r s e c t i o n  l oads .  To o b t a i n  PI* to 13 frop (6 .63)  to (6.65)  
we employ the f o l l o w i n g  r e s u l t s  for t h e  s e c t i o n  l oads .  
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I 
I n  t h e  above equations,  1, d, and m de f ine  aerodynamic 
lift, drag, and p i tch ing  moments. Mtors 1 and d are 
perpendicular  and parallel to  t h e  r e l a t i v e  flow vec tor ,  
Fig. 18, which subtends an angle  of to the local chord. 
The corresponding direct loads and pZlOA are expressed 
i n  term8 of 1 and d by means of r o t a t i o n  transformation 
def ined i n  (9.4) and (9 .5) .  Equations (9.31, (9.7) and 
(9.8) are assumptions t h a t  pxlOA, q and q z l o A  a r e  
neg l ig ib le .  These assumptions are r u s t i f i e d  by t h e  small- 
ness of  blade sur face  viscons f r a c t i o n s  and components of 
normal su r f ace  fo rces  i n  the  x i 0  d i r e c t i o n ,  as oontribu- 
t i o n s  ?I Q a A ,  f o r  l a rge ly  c y l i n d r i c a l  blades. When steady 
state - x t l o n  aerodynamic data are used, we add to the  
o the r  terms i n  t h e  p i tch ing  moment expression, (9.6) , t h e  
q u a s i - s t a t i c  approximation to damping i n  p i tch ,  md ( p 279, 
Ref (9)  ) . Conditions (9.14) and (9.15) simulate forward 
and reverse  flows, respec t ive ly .  
Equations (9.16) to (9.22) complete t h e  information required 
t o  ob ta in  numetrical value. of the loads PylOA, pklOA, etc., 
subsequently used to ob ta in  an expression f o r  Q which is 
numerically in tegra ted .  I n  p a r t i c u l a r ,  par a n e t i r  s dr and 
M are known when t h e  r o t o r  state of  motion is  known, and 
these  i n  t u r n  y i e l d  from tables the  C 1 ,  Cd, and CE/4 
occurr ing i n  t h e  loading expressions. 
The flow ve loc i ty  oomponents are referred tm the ' a x i s ,  P def ined i n  the next s ec t ion  by (9.47) , and these  ve o c i t y  
component. are evaluat?d a t  t h e  three-quar tar  chord ( (yl ) 3 c / 4 ) .  
The r a d i a l  aomponent U,JJJ is dieregarded i n  our  model, an 
does n o t  p a r t i a i p a t e  i n  the determination of t h e  aero- 
3 
dynamic load.. The  magnitude of % and oT is  denoted U ,  
and t h e  i n c l i n a t i o n  of + cT to ylO' is denoted by 4, 
~ i g  . 18. *rpraaaions r e f a t i n g  these va loc i ty  components 
t o  t h e  r o t o r  motions are der ived i n  the next sec t ion .  
U Slkorsky Flircraft --- -- -l Q, 
Figure 18.  Blade Elsmnnt Force and velocity Vectors. 
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The jZ oyrtem loads required i n  the F to P3 axpressinno 
(6.637 to (6.651, a r m  obtained fran tfi. x10 8yat.m load8 
by means of the transfcmation 
with (6.33) defining the transformation 
Idantify the free vector with E5 or . Identify 
- 
Xi0 with F10 or 5 and substitute (9.33 to (9.8) as 
convenience suggafe;. We obtain frun (9.23) the z5 aysbsn 
aerodynamic loads. Theae are 
212 
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The tensions required in the F1 tr, Y3 sxpress.Sona, (6.61) 
to (6 .65) ,  are 
S u b s t i t u t e  (9.25) to (9.321, and (9.3) in the F1 to F3 
expreasione, (6.63) to (6.65).  We o b t a i a  
Sikorsky mircraft - - - &-- REPORT NO. SER-50912 
with hl and A 2  derived from (5.60)  anti (5.63) . 
Neglect the underlined terms i n  (9.36) to (9 .38)  . We obtain 
Substitute (9.39)  i n  (9.21, and integrate by parts, as 
required. We obtain the aerodynamic generalized forces 
i S A  29 REV D 
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I n  the above, subsc r ip t  T denotes a quan t i t y  a t  the t i p ,  
r 3 r ~ .  S u b s t i t u t i o n  of (9.40) i n  (9.1) y i e l d s  t h e  aero- 
dynamic g e ~ ~ c r a l i z e d  force ,  qjA. I n  the computer program. 
the i n t e g r a l s  i n  (9.40) are evaluated numerically by t h e  
trapezium ru l e .  
As a convenience, we list i n  (9.41) and (9.42) t h e  loads  
required i n  (9.40). as w e l l  as loads  employed_ to d i sp l ay  
the aerodynauic loads  i n  t he  blade-oriented X10 system. 
The E10 system loads p A and PzlOA de r ive  from (9.4) 
and (9.5) , or from ~~~~~~~~~tion inverse  to  (9.23) . 
The add i t i ona l  va r i ab l e s  required i n  (9.42) are l i s t e d  in 
(9.10) to (9.22). 
A s l i g h t  v a r r a t i o n  expresses t h e  loads  i n  (9.42) i n  terms 
of  C1,  Cd, U, Up and Up and may be a convenience. 
Subs t i t u t i ng  i n  (9.42) t h e  r e s u l t s  from (9.10) to  (9.21), 
as required,  we obta in  
U 
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9.2 Expressions f o r  Relative Flow Velocity 
In t h i s  section, we derive expressions f o r  t h e  r e l a t i v e  
f l o w  ve loc i ty  a t  a blade sect ion i n  terms of the  generalized 
coordinates i n  physical space and t h e i r  time-derivatives, 
and the v e l o c i t i e s  induced by the  rotor hub motion. These 
quan t i t i e s  are defined when the  modal displacements and 
ve loc i t i e s  are found from the  in tegra t ion  of the blade 
modal d i f f e r e n t i a l  equations and the  so lu t ion  to the support 
o r  body equation. With the  r e l a t i v e  flow veloc i ty  known, 
we are ab le  to define the  e f f e c t i v e  angle of attack&,: of 
a sect ion,  (9.16), and local Mach number, M, (9.221, which 
y ie lds  the sect ion load from tables .  
For the  sake of completeness and as a convenience, we 
include i n  t h i s  Section and Section 9.4, t he  descr ipt ion 
of a gus t  model which is preferable  to t h a t  supplied 
previously under cont rac t  to NASA and described i n  Ref ( 2 ) .  
T h i s  t heore t i ca l  gus t  model w a s  not incorporated i n  the  
present program. 
We express the  ve loc i ty  of t h e  flow r e l a t i v e  to a point 
on the  blade as 
Here 3 is the  veloci ty  of a point on the blade induced by 
the motion of thz rotor blade and hub r e l a t i v e  to the  
s ta t ionary  ax i s  XI. The tern ? IR isolates a l l  contribu- a t ions  to u whose sources are i n  ependent of the  r o t o r  state 
during the  calculat iun.  Typically, v IR m y  derive from a 
't wind tunnel, gus t ,  o r  ro to r  var iable  nflow source. I n  our 
scheme, the  rotor inflow is independent of the  ro tor  state 
during the ca lcula t ion  and the  inflow veloci ty  is 
ccmvemiently located i n  qUR. Fig, 19 i l l u s t r a t e s  the 
construction of tne flow veloci ty  u f o r  a typ ica l  case 
comprisizg a wind tunnel source VxI, a rotor induced 
inflow, )), and a flow component 0'3 induced by the r o t o r  
motion. 
A s  a preliminary to f inding a, n define the  zli ax i s  (Fig. 18) by the  ro ta t ion  transformation 
r SA 29 REV 0 
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H e r e  E is the angle subtended by the  chord and the l i n e  
y p a r a l l e l  to the x5-y5 21ane8 and lying i n  the ylO-z10 1 p anc (Fig. 18) , A study of Figure 8 shows that € is 
approximated by the  total angle @, defined i n  (9.17) . To 
preserve the r igor  of our der ivat ions,  however, we do not 
assume that - 8, and prove i n  t h e  next sec t ion  t h a t  our 
approximations cons is ten t ly  y ie ld  this resu l t .  
Defining the  component of r e l a t i v e  airf low veloci ty  i n  the 
- 
X108 a x i s  as 
and UT i l l u s t r a t e d  i n  Fig. 18, our objec t ive  
to finding UT and U i n  terms of our generalized 
coordinates, and the  hub mo t ions. 
Our approach w i l l  be to  r e f e r  to the z5 a x i s  a l l  the 
contr ibut ions to the  r e l a t i v e  a i r  flow appearing on the 
r ight-s ide of (9.44) , and t o  resolve these components to 
the xlOm a x i s  by the  t r an~format ion  
Subst i tut ing i n  the transformation A- E. the r e s u l t  of the 
next sect ion t h a t  
and multiplying the  transformation matrices i n  (9.481, we 
f ind  
218 
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a f t e r  neglect ing second and higher order products of elastic 
var iables .  
C a ~ s i d e r i n g  first the component. v' i n  9 4 , we express 
this as components ",I, v 1. vzI r d e r r ~ d  to the j [ ~  axis .  
and a r o t o r  inflow conpongnt v,l = -), ref erred to the j[  
axis. The components vXI, vyl, and v , ~  are known func t ions  
of the s p a t i a l  va r i ab l e s  XI, y1 and 21, and the time, t, 
and represen t  a known wind flow or assumed three-dimensional 
gust .  The v a r i a b l e  inflow is modeled as a known funct ion 
of blade rad ius  and azimuth. 
For the grounded support  s h a f t  a x i s  system of Chapter 5,  
our zl system v e l o c i t i e s  are 
For the r i g i d  body i n  free f l i g h t  s h a f t  axes of chapter 58 
our z1 system v e l o c i t i e s  are 
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The transformation matrices i n  (9.51) and (9.52) are 
Subntitute (9.53) i n  (9.51) and reprerent the airspeed i n  
a wind tunnel aa vx l  = VA1~. We obtain for the grounded 
~ u p p o r  t 
U Sikorsky Flircraft - -. -. -.-- 
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Subs t i tu t e  (9.54) i n  (9.52) a r ~ d  restrict the gus t  model 
t o  v e r t i c a l  gusts.  W e  ob ta in  f o r  the r o t o r  coupled to  a 
r i g i d  body i n  f r e e  f l i g h t  
Thin model allows a r b i t r a r y  c y l i n d r i c a l  gus t s  i n  steady 
horizontal  t r a n s l a t i o n  to be represented. The gus t  ve loc i ty  
p r o f i l e  vZ1 is defined as a funct ion of d is tance  perpendicular 
t o  the moving wave f ron t .  Section 9.4 descr ibes  the  proce- 
dure  f o r  obtaining from this gus t  funct ion the ve loc i ty  VZI 
induced by the g u r t  a t  any poin t  on an a r b i t r a r y  blade of 
t h e  multi-blade rotor. 
The program  upp plied under con t rac t  does not  represent  t h e  
gus t  i n  the manner described here and i n  Section 9.4. D e t a i l s  
on t h e  type of gua t  used are given i n  Ref. ( 2 ) .  
To f ind  t h e  'jZ oomponents of flow ve loc i ty  induced by wind 
tunnel o r  gusg sources, we def in. 
, SA 29 REV D 
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with the r ight-s ide components derived from (9.55) f o r  the  
grounded support mode and from (9.56) f o r  the  r i g i d  body 
i n  f r e e  f l i g h t  mode, respectively.  W e  obtain the H5 a x i s  
components of VAIR from 
with Equation (7.29) defining the d i rec t ion  cosines a i j  i n  
(9.58) . This completea the der iva t ion  of VAIR. 
Consider now the veloc i ty  of a point  on the blade induced 
by the motion of the blade, we see t h a t  t h i s  follows from 
(7.21, which is 
Equation (7.18) y ie lds  the componentsof the veloc i ty  of the 
o r i g i n  of syst81u resolved t o  the Zl system. These 
components are 
U 
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with fxl, P 1, P and the ir  tim. derivatives defined i n  
(7.24) . ~igure f f may be used to recall the physical 
meanings of the other parameters i n  (9.60) . 
W e  define 
Then by a similar derivation to that  used to obtain (9.581, 
we f ind 
" 
From (7.40) we have 
and differentiat ing t h i s  we obtain 
223 
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Employ i n  (9.64), equat ions  (7.42) t~ (7.44) f o r  di5/dtr  
d j  5/dt, and dkg/dt. W e  ob t a in  
with Equation (7.58) y ie ld ing  zLI, , O 5 , and dz5 required 
i n  (9.65). Neglect second and dgheY order  products of 
elastic d e f l e c t i o n s  i n  (7.63) and (7.64) and spec i fy  t h e  
t l a d e  sec t ion  three-quarter  po in t  as the  po in t  a t  which 
t h e  r e l a t i v e  a i r  ve loc i ty  is to be evaluated,  that is 
We ob ta in  from (7.63) and (7.64) 
SA 29 REV D 
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The neglect of  mecond and higher order products of e l a s t i c  
variable8 i n  (9.67) and (9.68) requires the approximation. 
defined by (7.72) to (7.74) to quantities appearing i n  
(9.67) and (9.68) . The required elements are 
Substitution of (9.59) and (9.65) i n  (9 .44)  y i e lds  the 
airflow ve loc i ty  referred to the ZS axis .   his is 
E m p l g  (9.47) to (9.50) to obtain from Ux5, 
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Substitute (9.70)  i n  (9.71) and neglect second and high- 
order products of elaatic variables. We obtain 
The magnitude of the flow veloc i ty ,  a i r f o i l  augle of  attack, 
and ilow m c h  numbsr derive froin 
6 ea 39 R E V  D 
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Equations (9.72) , and t h e  o the r  q u a t i o n s  def ining the 
elements i n  (9.72) given : 1 t h i s  s ec t ion  and Section 3.4 
f o r  t h e  gus t ,  provide the working forms f o r  t he  evciuat ion of 
U and Up. It is to be u n d e r s ~ d  t h a t  blade modal d i s -  T p a a m e n t s ,  q j ,  ar? veloci t . ies ,  4 i  are known. These are 
employed i n  modal eunr, l i k e  (7.80) and (7.81) , t o  ob ta in  
blade physical  displacements and the required s p a t i a l  e.nd 
tempral de r iva t ives  of these  displacements. The sub- 
s t i t u t i o n  i n  (9.72) of hub motion v e l o c i t i e s  and s h a f t  
angle displacements der iving from the  grounded support  o r  
r i g i d  body support  syetem of *ations oompletes t he  
det.ermination of UT and U p ,  (9.72). The parameters, U, dr, 
2nd M required to c a l c u l a t e  t he  aerodynamic loads  i n  ~j~ 
follow from (9.74) t o  (9.76). 
9.3 Proof That Rotation Angle 6 = i? 
-
W e  prove that the r o t a t i o n  angle  C r e l a t i n g  f and PJO 
is equal to t he  total angle a defined i n  (9.139. Multrply- 
ing t h e  r o t a t i o n  matr icsz  i n  (9.48) and neglecting second 
and higher ordex product of elastic va r i ab l e s ,  we f i nd  
The scalar product of the u n i t  vec tors  flOf an6 E5 is t he  
d i r e c t i o n  cosine  -8 6 -8  , t h a t  is 
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Since j' ' is perpendicular to , by construction, their 
sca lar  $floduct is zero, and, he&, from (9.78) 
9.4 Derivation of Gust I n d u c e  Flow Velocity v , ~  From the  
Prescribed G u s t  Function 
W e  describe here the coordinate transformations f o r  f inding 
f r o m  the input  gus t  function M e  veloc i ty  VZI induced by 
the gus t  a t  any point  on an a r b i t r a r y  blade of the multi- 
blade rotor .  
Our procedure cons is t s  of obtaining the  s ta t ionary  a x i s  
coordinates XI, y1 correspondinq to an a r b i t r a r y  point  on 
any blade of the r o t o r  i n  terms of blade radial and 
azimuthal coordinates. Using these values of XI and y~ 
we in terpola te  the guut function to obtain the veloci ty  
v z l  a t  the point r, p on the blade. W e  neglect  i n  the 
determination of v z l  the e f f e c t  on XI and yx of blade 
elastic d4splacements and blade pitch.  The ve loc i ty  trans- 
formations of Section 9.2 then yield the  contr ibut ions to  
UT and Up from v , ~ ,  thereby completing the  numerical 
de f in i t ions  of UT and Up. 
Fig. 20 i l l u s t r a t e s  the geometry of the gust  model. The 
gus t  is cy l indr i ca l  v e r t i c a l  gus t  ;roving with a steady 
veloci ty  VG perpendicular to the wave f ront .  The gust  
v e r t i c a l  veloci ty  p r o f i l e  i n  the  d i rec t ion  z is  f . ( J I ~ )  
i n  a cootdinate syyatan, file shown i n  Pig. 26, which novas 
with the gust, and with f11 perpendicular to the gus t  f ront .  
The length of the  gucrt is $11 = L. A t  the i n s t a n t  t = tQ 
that the gust  f i r s t  iraninges or1 the ro to r  disk,  the or ig i l  
0 of the moving a x i s  X 'a t tached to  the ro to r  is assumed t o  
coincide with the or ig in  of the s ta t ionary  a x i s  EI. A t  this 
ins tant ,  the  guct  Lr  inclined a t  an angle a to the rator a x i s  
XI1 as shown i n  Fig. 20, and the ro to r  configuration is such 
t h a t  the a z b u t h  angle J/ of a reference blade used as a 
t h e  parameter, i a  9~ - fa) 0. The hel icopter  i 8  assumed 
tr, be moving always wPkh a ve loc i ty  V i n  the negative X I '  
direct ion.  We wish to f ind XI and y~ f o r  a point?, r on 
any blade of the ro tor ,  and thereby to obtain vZ1 from f (fI1). 
c A  30 REV D 
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Pig. 20 y i e lds  t he  transformation between the moving fI1 
axis and t h e  s t a t iona ry  EI axis .  W e  r equ i r e  only gIl and 
t h i s  is  
The txansfomat ions  of Sect ion 5 y i e l d  
L- 
with q0 rgpresenting the ~ I - c w r d i n a t e s  of the o r i g i n  0 
of the  XI system. Since XIO = 0 a t  t = t, we have 
-6 - 
fro 0 
Symbols vxo, ( and v, no t  r e q u i r d  here) are 
components o f V g b  ve loc i ty ,  r e f e r r ed  to  the system. 
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Equations (9.86) and (9.87) enable us to use the transposes 
of (9.54) and (7.29) to obtain the l e f t - s ides  of (9.86) and 
(9.87) required i n  (9.81). R e c a l l  from (7.28) t h a t  
d i r ec t ion  cosines a i j  are givetn by 
with i i n  a i j  denoting a r o w ,  and j denoting a column. 
Define the  new set of d i rec t ion  cosines bij from 
\ - r8 5 ,  ' I ' -Sf,' 
C 
' +c+  ' S Y  , -+CG 
-SQ ' S G ' c y 1  tCei.$' 1 s + !  S e l s f  
- I 
Cy' + 5 4  J , - c p '  S*'  S Y  
w i t h  i i n  bi- denoting a row and j denoting a column. We 
may expresa b e  components of (9.81) as 
XZ -"(+-to) 4- b , , x ,  + b a r  3'4- b,, z ,  (9.91) 
Yr = , + b a a  5 ,  h a  5 
Replacing t by / ' a n d  t, by ( ~ ) J A ,  we sumnrarize the 
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Direct ion cosines  a i .  and bi de r ive  from (7.29) and (9.89). 
The argument of the a i r e c t i o i  cosines  a i j  and func t ions  cv 
and su i n  (9.93) is t h e  angle  to the po in t  -p, r on a blade 
a t  which vZ1 is required.  I t  is no t  to be replaced b y P R  
unless  t h e  v , ~  a t  t h e  re fe rence  blade is needed. 
A r e s t r i c t i o n  of the g u s t  model t h a t  should be kept  i n  mind 
is t h a t  t h e  rotor hub is assumed t o  be t r a n s l a t i n g  w i t h  a 
steady ve loc i ty  vxo = -V i n  t h e  ca l cu l a t i on  of the gust- 
induced ve loc i ty ,  v Z ~ .  This r e s t r i c t i o n  is introduced i n  
t he  expressions for the hub t r a n s l a t i o n s  XIO, and y ~ o ,  (9.82) 
and (9.84). The e f f e c t  of t h e  r e s t r i c t i o n  is an  error i n  
t h e  ca l cu l a t i on  of v , ~  vhen t h e  hub motion is  on-uniform, 
and vx08 and v~ 
e x h i b i t  time-dependence. I t  w a s  thought 
t h a t  the restr c t i o n  to steady hub t r a n s l a t i o n  i n  the 
ca l cu l a t i on  of t h e  g u s t  p r o f i l e ,  v , ~ ,  was worth t he  
s imp l i f i ca t ions  achieved i n  the x ~ o  and yfo expressions,  
(9.83) and (9.85). Further,  it was f e l t  that our  g u s t  model 
is an adequate represen ta t ion  f o r  problems i n  which the 
mjor t r a n s l a t i o n  is approximated by vW = -V. I t  should be 
noted t h a t  t h e r e  are no hub motion r e s t r i c t i o n s  i n  t h e  
ve loc i ty  transformation y ie ld ing  Up and UT from v , ~ ,  which 
include hub angular  dieplacements f o r  genera l  displacements 
without r e s t r i c t i o n .  Also, the use of vXo a -V to  c a l c u l a t e  
v , ~  rhould no t  be taken to mean t h a t  v - -V a p p l i e s  to 
o the r  p a r t s  of the theory,  such as i n  %e i n e r t i a l  and other 
aerodynamic elements of t h e  model where rro such assumption 
is made. 
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A minor point to note i r  that for  eubstuntial rotor diek 
inc l inat ions  our gust will not penetrate the rotor diek 
u n t i l  some time after t = Q,, and this should be understood 
to interpret a response to this gust model. 
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Equations (4 .38)  and ( 4 . 35 )  are the b a s i s  for the formation 
of the general ized force induced by concentrated loads. 
The equations are 
I n  t h e  presen t  model, we assume t h a t  the l a g  damper is  the  
only cont r ibu tor  to Q P. Other phys ica l ly  concentrated 
loads,  l i k e  thoae indiced by the  pushrod, are embodied i n  
t h e  root s r i n g s  i n  the ca l cu l a t i on  of normal modes 
(Chapter $1. Pig. 21 i l l u s t r a t e s  the geometry assumed, 
which is such t h a t  t h e  la2 damper t ransmi t s  t o  the blade 
only a moment MZ4 i n  the X4 a x i s ,  that is 
With 
U 
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LAG HINGE AXIS 
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The P5 moments appl ied t o  t h e  yoke A der ive  from 
from which we f ind  
A t o r s ion  moment Mx5 cannot t r a n s f e r  from yoke A to cuff  B 
across the fea ther ing  bearing. I t  follows that Mx5 = 0 at B 
and the only non-zero moment appl ied by the l a g  damper to 
the blade a t  B is 
The moment per u n i t  l ength  of blade follows from ( 6 . 6 8 ) ,  
which y i e l d s  
To ob ta in  t h i s  r e u u l t  we assumed the exis tence of the 
der iva t ives  of M z 5  on the ground8 t h a t  the appl ied loads 
are d i s t r i b u t e d  physical ly  over a small but non-vanishing 
region of blade, i n  such a way as to make the der iva t ives  
of MZ5 f i n i t e .  Subs t i tu t ing  (10.8) i n  (10.9) and assuming 
MZs1 to  be predominantly laxger than Mz5, we f ind  
REPORT NO. SER-50912 
Substitution of (6.63) to (6.65) for Fl to F3 in (10.2) 
yields 
Assume that all derivatives in (10.13) are finite, 
integrate (10.13) by parts, and set vl, = 0 at r = 0 
and 425' = 0 at r = rT. We find 
where d is a small distance over which is applied the moment 
per unit span, q,5, induced by the lag dampar. We approxi- 
mate this moment as 
Approximating the blade deflections as 
U Sikorsky Qircraft ---- --o--cm-- 
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where subscript zero indicates  a quantity a t  the lag hinge, 
subst i tut ing (10.17) and (10.18) i n  (10.11) and (10.14) and 
taking the l i m i t s  aa A+ 0, we f ind 
A s s u m e  the lag damping merit representation to be 
where CW, is the lag damper constant (lb-f t-sec/rad unf t r  1 , 
and subst i tute  (10.23) i n  (10.21) . We obtain 
238 
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Substitution of (10.19), (10.20), and (10.24) in (10.1) 
yields 
which completes the definition of QjP required in the 
element tj, defined by (4.77). 
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11. Shear8 and Moments 
We der ive  here  t he  expression8 ured i n  the program to ob ta in  
t he  running moments along the  blade and the  fo rce  and moments 
appl ied by the rotor to the  hub. The running moments are 
employed to d isp lay  t h e  blade response. The r o t o r  fo rces  
and moments appl ied  to the hub are employed to c a l c u l a t e  
t he  e x c i t a t i o n  of t he  support  to  f i n d  the  response of t h e  
coupled rotor / rupport  system. The coupled system includes  
e i t h e r  t h e  grounded f l e x i b l e  support  o r  t he  coupled fuse- 
l age  i n  f r e e  f l i g h t .  
Blade running moaaents f o r  d i sp lay  of program responses ars 
ca lcu la ted  from t h e  following approximate i n t e r n a l  moment 
expressions. 
Expressions 11.1) to (11.3) de r ive  from (6.17), (6.30) and 4 (6.31) wi th  s u b s t i t u t i n g  f o r  Fx 0. For c e r t a i n  cond t i o n s  
- f o r  example, when hub acceleraf i ons are important - d 
should be replaced by F x l  (See ( 6 . 6 3  and (6.71) t o  o b t a i n  P F,10). A l s o ,  the express on f o r  M, 0 is  m t  s t r i c t l y  correct 
when a Sikorsky-type counterweight s present ,  and preferably  
should be replaced by ( 6.31) . 
1 
Blade root shear8 and moments r e s ~ l v e d  to t h e  X5 a x i s  de r ive  
from the  external fo rce  and moment expressions,  (6.71) and 
(6.74) (6.76) , spec ia l ized  f o r  x = 0 .  The resulting 
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(11.6) 
The inertia load. h5D to q D i n  (11.6) and (11.7) are 
o b t a i n e d  from (8.14) to (8.19) with (7.71) y i e l d i n g  A, t o  
C,, and (5.63) and (5.60) y i e l d i n g  Al a n d A 2 .  Aerodynmic  
l o a d s  h 5 D  to qz$ are o b t a i n e d  from (9.25) bo (9.32) w i h  
(9.4) t o  (9.6) y i e l d i n g  b l O A ,  p l@, and & l o A  r e q u i r e d  
i n  #.me uprammiom.  For a r t i c u f a t d  rotor. t h e  progrm 
.eta tho hinge  m m e n t s  to z e r o  and loops around t h e  ca lcu-  
l a t i o n  o f  (11.7) . 
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The corresponding ahears and mment. resolved to the zl axis 
are 
and this may be written 
Fig. 22 nay be used to derive hu. shears and monte.. s induced 
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Shears and moments from a l l  the  blades are suramed t o  obtain 
forces  and moments applied to the hub by the ro tor .  
The forces and mxnents i n  (11.11) and (11.12) are components 
i n  the  d i rec t ion  of the s h a f t  or iented a x i s  xl used w i t h  the  
grounded support (Fig. 4 ) .  To obtain components i n  the 
d i rec t ions  of the s h a f t  or iented a x i s  coupled to the CFt r i g i d  body (Fig. S) required f o r  the e emina t ion  of body 
responae i n  f r e e  f l i g h t ,  we apply the following addi t ional  
transformations. 
These re l a t ions  may be ve r i f i ed  from (5.12) o r  Fig. 6. 
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An a l t e r n a t i v e  to  (11.7) is to express the moments a t  the 
hinge as i n t e r n a l  react ions consis t ing of the moments 
i l l u s t r a t e d  i n  Fig. (23). Resolve these to the x5 axis.  
W e  obtain f o r  the momeints applied by a blade to the r o t c c  
which reduces to 
The motivation f o r  using the  external  forces  to calcula  
the  shears from (11.6) w a s  a d e s i r e  to increase the acc :cy 
of the roo t  shear ca lcula t ion  i n  comparison with the  i n t ~ z n a l  
force method. The latter method would requi re  t h i r d  deriva- 
t i v e s  of mode shapes and f o r  accurate r e s u l t s  usually many 
more blade modes than are adequate f o r  the  response calcula- 
t i o n  would be needd.  On the  other  hand, the  ute of (11.16) 
instead of (11.7) f o r  the hinge mrnents would be more 
e f f i c i e n t  cumputationally and should be accurate,  except 
possibly f o r  very s t i f f  springs. Also, the  more accurate 
external  running moment expressions, (6.7 4)  to  ( 6.76 1 , 
should replace the i n t e r n a l  running moment expression, (11.1) 
t o  (11.3) , now used i n  the  program. 
U 
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Figure 2 . Internal Reaction Manents a t  the Llade Roo*. 
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12. Expreseion f o r  Tima-rapendent Componeuat of Blade P i t ch  
Angle, and Non-~Ippenrionalization Rules 
We derive here the expression used f o r  the  time-dependent 
component of blade p i t ch  angle, 6 , and the  r u l e s  employed 
i n  the  program t o  aon-dimensionalfze the  modal equations. 
12.1 P i tch  Angle Component, O t  
The expression f o r  the  time-dependent oontribution to the  
p i t ch  angle induced by cycl ic  control  inputs and pi tch-f lap 
and pitch-lag ampl ings  is 
Angles A i s  and B i s  are cyc l i c  inputs. The remaining terms 
are derived below, and the version of (12.1) used i n  the  
program is defined. 
Fig. (24) i l l u s t r a t e s  the  geometry assumed to obtain the  
pitch-flap coupling. Point A is the attachment of the  p i t ch  
horn. Point  P is the attachment of the pushrod. I f  t h e  
point P is  unrestrained and free to  move with the blade, 
it moves to P1, following a flapping def lec t ion  and e l a s t i c  
bending def lec t ion  a t  A. A r i g i d  pushrod r e s t r a i n s  P such 
t h a t  it s tays  a t  P2, and t h i s  geometric configuration is 
assumed. 
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Figure 24.  Geometry Assumed for Calculation of 
Pitch-Flap Coupling. 
Subst i tute  (12.3)  to (12.5)  i n  (12.2). We obtain 
Expand the elastic de f l ec t i on  a s  a Taylor series from the 
blade hinge. W e  obtain 
From (3.12) and (3.14) w e  f ind  
Approximate 0 b y  eC i n  (12.9) and subs t i tu t e  (12.7) to 
(12.9) i n  (12.6) . Add to these expressions f o r  48 the 
c y c l i c  input contribution and the program input p i tch  lag 
c o e f f i c i e n t  tan$. W e  obtain 
249 
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where tandl is t h e  i npu t  p i tch- lag c o e f f i c i e n t .  
I n  t he  program the  p i t c h  horn is assumed to  be located a t  
t h e  hinge ( TA = 0 )  . The elastic de f l ec t ion ,  wA, is assumed 
to  apply a t  t h e  mid-point of t h e  f i r s t  segment of the blade. 
For these  assumptions, (12.10) reduces t o  
1 2 . 2  Non-Dimensionalization Rules 
The purpose of t h i s  s ec t ion  is to de f ine  t he  r u l e s  f o r  
obta ining non-dimensional forms of t he  v a r i a b l e s  appearing 
i n  the  blade modal equation. These va r i ab l e s  a r e  osed i n  
the coding of t h e  modal equations.  With these  non- 
dinrensianal va r i ab l e s ,  the modal equation i n  t he  non- 
dimensional space have exac t ly  the aame forms as the 
dimensional modal equations,  cited i n  the earlier t e x t  and 
no cor rec t ion8  r e f l e c t i n g  changes i n  form are required.  
To ob ta in  a non-dimensional va r i ab l e ,  we select a combina- 
t i o n  of terms from among mo,fi, and R which w i l l  non- 
dimensionalize the  var iab le .  Here m, is a re fe rence  mass 
per u n i t  length of the blade ( s l u g / f t ) .  We rep lace  
d e r i v a t i v e s  with r e spec t  t o  time, d/dt ,  by d/dp. W e  
r ep lace  r a d i a l  de r iva t ive  d/dr by d/d(r/R).  Frequencies 
are replaced by frequency r a t i o s ,  w / n  and r o t o r  speed R is  
replaced by n/n = 1. We denote va r i ab l e s  non-dhensionalized 
i n  t h i s  way by overbars, and use  an arrow t o  denote a sub- 
u t i t u t i o n .  The following a r e  examples af this t ran is f~nna t ion .  
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Appendix 14.1 - C o e f f i c i e n t s  i n  Expres s ion  f o r  F o r r e c t i o n  t o  Modal Stiffness. 

Appendix 14.3 - Table of Modal Integrals .  
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